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1. Anamusement park has a collection of scale models, witharatio of 1 : 20, of buildings
and other sights from around the country. The height of the United States Capitolis
289 feet. What is the heightin feet of its replica at this park, rounded to the nearest
whole number?

A 14
B 15
c 16
D 18
E 20
Solution:

289
Thereplicais 20 = 14.45 feet tall, whichrounds to 14 feet.

Thus, the correct answeris A.



2. Whatisthe value of the product

7
A —_
6
4
B —_
3
o 7
2
D 7
E 8
Solution:

Let’s first note that if we are given an expression of the form 1 + %, we canrewrite this
as

n 1 n+1

n n n

With that in mind, we canrewrite the expression given to usin the problem, as shown



below:
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Thus, the correct answeris D.

. Students Arn, Bob, Cyd, Dan, Eve, and Fon are arranged inthat orderin acircle. They
start counting: Arn first, then Bob, and so forth. When the number containsa 7 as a
digit (such as47) oris amultiple of 7 that person leaves the circle and the counting
continues. Whois the last one presentin the circle?

A Arn
B = Bob
c Cyd
D Dan
E Eve
Solution:

The first five removal numbersare 7,14, 17,21, 27. Tracking only those turns gives:
Arnsays 7, Cydsays 14, Fonsays 17, Bob says 21, and Eve says 27.

Danis the only student remaining, so D is the correct answer.



4. Thetwelve-sided figure shownhasbeendrawnonl cm X 1 cm graphpaper. Whatis
the area of the figure in cm??

A 12
B 12.5
c 13
D  13.5
E 14
Solution:

To solve for the area of the figure, we separate the compound shapeinto parts that are
easier towork with, as such:



£\

NV

Asis now clear, thereis the center 3 x 3 square, with 4 smaller shaded triangles
surroundingit.

The area of the squareis 3 - 3 = 9. The othertriangles eachhave abase of 2and a
height of 1, so their areais equalto

bh _2-1_
2~ 2

There are 4 of these triangles, so theirtotal areais 1 - 4 = 4.
Therefore, the total areais9 + 4 = 13.

Thus, the correct answeris C.



5. Whatisthe value of

1+3+5+---+2017+ 2019

—2—4—-—6—---—2016 — 20187
A —1010
B —1009
C 1008
D 1009
E 1010
Solution:

Rearranging the terms, notice that the expressionin the questionis equal to:

1+(3—-2)+(5—4)+ -+
(2017 — 2016) + (2019 — 2018).

Eachtermis equalto 1, and there are 20=1 4 1 = 1010 terms, so the total sumis
1010 -1 = 1010.

Thus, Eis the correct answer.



6. Onatriptothebeach, Anhtraveled 50 miles onthe highway and 10 miles on a coastal
accessroad. He drove three times as fast on the highway as on the coastal road. If Anh
spent 30 minutes driving on the coastal road, how many minutes did his entire trip
take?

A 50
B 70
c &0
D 90
E 100
Solution:

Anh drove 10 miles onthe coastalroadin 30 minutes. Therefore, his speed onthe
coastalroad (notated asv,) is

10
Ve =—

0|~
D

1
Thisis § mile per minute. Since he drives 3 times as fast on the highway (i.e. v, = 3v,),
his highway speedis
1

3.-=1
3

mile per minute. Armed with these two facts, we know that Anh drove for 30 minutes on
the coastalroad, and he drove 50 miles at 1 mile per minute. This means it takes 50
minutes to drive the 50 miles on the highway.

As such, the total travel time is 50 + 30 = 80 minutes.

Thus, the correct answeris C.



is divided by 87
A1
B 3
cC 5
D 6
E 7
Solution:

Notice that a numberis divisible by 9 if and only if the sum of its digits is also divisible
by 9.

The sum of the digits of the 5-digit numberin the problemis:

2+0+1+84U=11+U.
knowthat) < U < 9.Thismeansthat U canonlybe 7.

Now we know that the 5-digit numberin questionis 20187, and we want to find the
remainder when we divide 20187 by 8. To solve this, simply use long division to see
that 20187 = 2523 - 8 + 3. Therefore, the remainderis 3.

Thus, the correct answeris B.



. Mr. Garcia asked the members of his health class how many days last week they

exercised for atleast 30 minutes. The results are summarized in the following bar
graph, where the heights of the bars represent the number of students.

Number of Students
— N W B T O 1 00

1 2 3 4 5 6 7
Number of Days of Exercise

What was the mean number of days of exercise last week, rounded to the nearest
hundredth, reported by the studentsin Mr. Garcia’s class?

A 3.50
B 3.57
c 4.36
D 4.50
E  5.00
Solution:

The barheightsfor1, 2, 3,4, 5,6, 7daysarel, 3, 2, 6, 8, 3, 2, foratotal of 25 students.
The total number of reported exercise days s

1-14+2-3+3-2+4-6
+5-8+6-3+7-2=109.



The meanis 12—(? = 4.36 days.

Thus, Cisthe correct answer.

. Tyleristiling the floor of his 12 foot by 16 foot living room. He plans to place one-foot

by one-foot square tiles to form a border along the edges of theroom and to fillin the
rest of the floor with two-foot by two-foot square tiles. How many tiles willhe use?

A 48
B &7
c 91
D 96
E 120
Solution:

Note that each square foot of the border would require one tile, meaning that the
borderwilltake 16 + 12 + 16 + 12 = 56 tiles. However, notice that this will cause
overlapping tiles in each of the four corners, so to fix this, we subtract 4. Therefore, the
borderwilltake 56 — 4 = 521 X 1 square tiles to completely tile.

Since we have removed one foot from each side due to the border, the remaining
rectangleis 10 feet by 14 feet. This must be tiled completely by 2 x 2 tiles, so it will
take

10-14

— =35
22

tilesin total to tile this area.

Asittakes 521 x 1squaretilestotile the border,and 352 x 2 square tiles to tile the
remaining area, it willtake 52 + 35 = 87 tilesin total to fillin Tyler’s entire living room
floor.

Thus, the correct answeris B.



10. The harmonic mean of a set of non-zero numbersis the reciprocal of the average of
the reciprocals of the numbers. What is the harmonic meanof 1,2, and 47

3
A —_
7
7
B —_
12
12
C —_
7
7
D —_
4
7
E —_
3
Solution:

11 1
Thereciprocalsof 1,2, and4 are T3 and 1 respectively. The average of these

reciprocalsis

(D))
2 4) \4
3 3
T

12

As the harmonic meanis the reciprocal of the average of the reciprocals of the
7
numbers (which we just calculated to be E)’ we conclude that the harmonic meanis
12
7

Thus, the correct answeris C.



11. Abby, Bridget, and four of their classmates will be seated in two rows of three fora
group picture, as shown.

X X X
X X X

If the seating positions are assigned randomly, what is the probability that Abby and
Bridget are adjacent to each otherin the same row or the same column?

1
A —_
3
2
B —_
5
7
C —_
15
1
D —_
2
2
E —_
3
Solution:

We can split the probleminto two cases. Incase 1, Abby isin one of the middle two
seats, andin case 2, sheisin one of the outer 4 seats.

2 1
Firstly notice that thereis a E = § probability of case 1 being true (i.e. Abbyisinthe

middle two seats). For Bridget to be adjacent to Abby in this case, she must bein
either of the two seats on the left or the two seats on the right of Abby, orsheisinthe
same column as her. There are 3 ways to make this happen out of a possible 5 open
seats, sothereisa % chance of this happening. Therefore, the total probability of this
caseis

4 2
Next, notice thatthereisa 6 = g probability of case 2 being true (i.e. Abby isinthe

outer four seats). For Bridget to be adjacent to Abby in this case, she must either be in
the single seat next to Abby in the same row, or she isinthe same column as Abby.



12.

There are 2 ways to make this happen out of a possible 5 open seats, so thereis a 2

5
chance of this happening. Therefore, the total probability of this caseis

2 2 B 4
3 5 15
- . .3 4 7
Therefore, the final probability of either of these cases happeningis 5 + B = I

Thus, Cisthe correct answer.

The clockin Sri’s car, whichis not accurate, gains time at a constantrate. One day as he
begins shopping he notes that his car clock and his watch (whichis accurate) both say
12:00 noon. When he is done shopping, his watch says 12:30 and his car clock says
12:35. Later that day, Sriloses his watch. He looks at his car clock and it says 7:00.
Whatis the actual time?

A 5:50
B 6:00
c  6:30
D 6:55
E  8:10
Solution:

Starting from 12 : 00 noon, after 30 minutes of time elapsed, the car clock went 35
minutes ahead.

Therefore, for every minute the car clock goes ahead, % = g minutes of actual time
passby. Fromthetime 12 : 00to 7 : 00, the carclock goes ahead 7 - 60 = 420
minutes, and therefore, 420 - g = 360 minutes, or 6 hours, of actual time have passed

by. If we startat 12 : 00 and 6 hours pass by, the timeis 6 : 00.

Thus, Bis the correct answer.



13. Lailatook five math tests, each worth a maximum of 100 points. Laila’s score oneach
testwas aninteger between 0 and 100, inclusive. Laila received the same score on the
first four tests, and she received a higher score on the last test. Her average score on
the five tests was 82. How many values are possible for Laila’s score on the last test?

A 4
B 5
c 9
D 10
E 18
Solution:

Since the average score on the five testsis 82, the total score of those five tests must
beb - 82 = 410.

Now, let f be the score onthe first 4 tests and let [ be the score for the last test.

We know that

f <1<100
and

4f +1 = 410.

Andas410 =4f +1 < 5l,weknow% =82 <.

Also, since4f + | = 410, and dividing 410 by 4 gives us aremainder of 2, we know
that dividing [ by 4 must leave aremainder of 2 as 4 f will leave no remainder when
divided by 4. Equivalently:

=2 mod 4.

Since82 <[ < 100and! =2 mod 4,the only options forl are 86, 90, 94, 98. This



yields four distinct solutions as follows:

(f,1) =(81,86);
(80, 90);
)
)

)

(79,94
(78,98

Therefore, there are 4 solutions, and Ais the correct answer.



14. Let N be the greatest five-digit number whose digits have a product of 120. What is
the sum of the digits of N7

A 15
B 16
c 17
D 18
E 20
Solution:

To make the largest possible 5 digit number, we must maximize the first digit (the digit
inthe ten-thousands place).

The largest number that s strictly less than 10 and divides 120 is 8, so the first digit
must be 8. Therefore, the product of the remaining numberis 15.

Similarly, we must now maximize the second digit.

The largest number thatisless than 10 and divides 15is 5, so the second digit is 5.
Therefore, the product of the remaining numberis 3.

We must then maximize the third digit.

The largest number thatis less than 10 and divides 3 is 3, so the third digit is 3.
Therefore, the product of the remaining numberis 1. This means the 4th and 5th digits
arel.

Thismakes N = 85311, so the sum of the digitsiis
8+5+3+1+1=18

Thus, Dis the correct answer.



15. Inthe diagram below, a diameter of each of the two smaller circlesis aradius of the
larger circle. If the two smaller circles have a combined area of 1 square unit, then what
isthe area of the shaded region, in square units?

w
N | = | = NG

oy

Solution:
Let A be the area of the large circle.

Since the diameter of each of the two smaller circles isitself the radius of the larger
circle, the radius of each smaller circle is half that of the larger circle.

Symbolically, if we allow r; to be the radius of the large circle and r, to be the radius of
each of the smaller circles:



1

rs = 57"1

As the area of the larger circleisequalto A = 71'7‘12, the area of the smaller circles are
equalto

= 1(777“12)

1
= —A.
4

As the area of two of these smaller circles combinedis equal to 1 square unit, theniit
1

follows that 2 - ZA = 1 squareunit, implying that A = 2 square units.

As the area of the shaded region is equal to the area of the larger circle (A) minus the

combined area of the two smaller circles (1), the area of the shaded regionis A —
1 =2 —1 = 1squareunit.

Thus, the correct answeris D



16. Professor Chang has nine different language books lined up on a bookshelf: two
Arabic, three German, and four Spanish. How many ways are there to arrange the nine
books on the shelf keeping the Arabic books together and keeping the Spanish books

together?
A 1440
B 2880
C 5760
D 182,440
E 362,880
Solution:

Since we are keeping the Arabic books together and the Spanish books together, we
canlook at each group as a single block.

As such, there are 5 objects on the bookshelf: three German books, one collection of
Arabic books, and one collection of Spanish books. There are 5! ways to orderthe 5
objects. As we already have the books together, there are 2! ways of ordering the
Arabic books and 4! ways of ordering the Spanish books. Therefore, the total ways to
orderthe booksis

hl-41.21=120-24-2
= 5760

Thus, the correct answeris C.



17. Bellabegins to walk from her house toward her friend Ella’s house. At the same time,
Ellabegins toride herbicycle toward Bella’s house. They each maintain a constant
speed, and Ellarides 5 times as fast as Bella walks. The distance between theirhouses
is 2 miles, whichis 10,560 feet, and Bella covers 2% feet with each step. How many
steps will Bella take by the time she meets Ella?

A 704
B 845
c 1056
D 1760
E 3520
Solution:

Since for every foot Bella walks, Ellarides 5 feet, we know that Bella will walk % of the
distance between the two houses, and so she walks

% - 10560 = 1760

feet. Since she walks 2.5 feet per step, she takes

1
1760 _ 704
2.5

steps by the time she meets Ella.

Thus, Aiis the correct answer.



18. How many positive factors does 23,232 have?

A9

B 12

c 28

D 36

E 42
Solution:

The prime factorizationis 23,232 = 26 . 3 - 112. Adivisor may use any exponent from 0
through 6 on 2, from 0 through 1 on 3, and from 0 through 2 on 11. Therefore, the
number of positive divisorsis (6 + 1)(1 + 1)(2 + 1) = 42.

Thus, Eis the correct answer.



[ ”

19. Inasignpyramid a cell gets a “+” if the two cells below it have the same sign, and it

3 ”»

getsa“-"if the two cells below it have different signs. The diagram below illustrates a
sign pyramid with four levels. How many possible ways are there to fill the four cellsin

1 ”»

the bottomrow to produce a “+” at the top of the pyramid?

A 2

B 4

c 8

D | 12

E 16
Solution:

Suppose we have two cells and the cell above them. If we are given the bottom left
celland the top cell, we can always find the bottomright cell as follows:

If the top cellis 4-, then the bottom right cellmust be the same as the bottom left cell,
andif the top cellis —, the bottomright cell must be the opposite of the bottom left
cell.

Now, suppose we are given arow. Then, suppose we choose avalue for the cell below
and to the left of the leftmost cellin our givenrow. We then can inductively determine



the entire row below our given by first finding the bottom-right cell of the leftmost cell
inour row, and using that newly found cell as the bottom-left reference for the second
to the left cellin the givenrow to find its bottom-right counterpart. The process
continues onuntil the row below the givenrow s fully solved.

Therefore, since we know that the top row has a cell labelled +, we have 2 choices for
the row below, depending on our choice of the bottom-left cell. Similarly, we have 2
choices for the third row, and thus 2 choices for the fourthrow. Thismakes2 - 2 -2 = 8
total choices for the bottom row of the sign pyramid.

Thus, the correct answeris C.



20.In AABC, apoint Eison ABwith AE = 1and EB = 2. Point Dis on AC so that
DE || BC andpoint Fison BC sothat EF || AC. Whatis the ratio of the area of
CDEF totheareaof AABC?

C
F
D
A 1 E 2 B
4
A —
9
5 1
2
c 5
9
3
D —_
5
2
E —_
3
Solution:

Let the area of AABC be equaltot.Since DE || BC and FE || C'A,we candeduce
that

ADE ~ ABC



and

EFB ~ ABC.

AB 1\* ¢ 2AB
Since AE = T,the areaof ADFE is equal to (5) t = §.SinceEB =3

2
2 4
the area of EF' B isequalto <§) t = §t. Finally, to find the area of C DEF', we take

the area of ABC' = t and subtract the areas of ADE and EFB. Thisis equivalent to
the expression

,_ b4 _ &
9 9 9
4t
| | (5) 4
Therefore, the ratio of the area of C D EF and ABC'is T~ 9

Thus, Ais the correct answer.



21. How many positive three-digit integers have aremainder of 2 when divided by 6, a
remainder of 5 when divided by 9, and a remainder of 7 when divided by 117

A1

B 2

c 3

D 4

E b5
Solution:

Eachrequired remainderis 4 less thanits divisor, so x + 4 must be divisible by 6, 9,
and 11.Hence z + 4isamultiple of lem(6,9,11) = 198.

Forathree-digitz,we have 104 < x + 4 < 1003. The multiples of 198 in this interval
are 198, 396, 594, 792, 990, giving 5 possible integers.

Thus, Eis the correct answer.



22. Point E'is the midpoint of side C D in square ABC D, and BE meets diagonal AC at
F'.The area of quadrilateral AF'E D is 45. What is the area of ABC' D?

A B
F
D E C
A | 100
B 108
c 120
D 135
E 144

Solution:



D E C

Let the square have side length s, andlet H be the foot of the perpendicular from F
to BC . Theright triangles CAB and CF H are similar,so CH = F H. Also, triangles
BF H and BEC are similar, giving

FH BH
EC ~ BC"

Since EC' = §,BC = s,andBH =s—CH = s —FH,thisbecomes% =
1- 2 soFH=CH =%,

Thus triangle EFC' hasbase EC = § andheight CH = £, soitsareais % Therefore

[AFED] = [AACD] — [AEFC]

s2 s
T2 12

552
BETE

Since this areais 45, we get s> = 108, the area of the square.



23. Fromaregularoctagon, a triangle is formed by connecting three randomly chosen
vertices of the octagon. What is the probability that at least one of the sides of the
triangle is also a side of the octagon?

Blm NN

Ny ot »—llp—x
| =

Solution:

Count the complement: triangles with no two chosen vertices adjacent. Starting ata
chosenvertex, let z, y, 2 be the positive numbers of unchosen vertices in the three

gaps.Thenz + y + z = 5, whichhas (‘21) = 6 positive solutions.

There are 8 choices for the starting vertex, and each triangle is counted from each of

its 3 vertices, so the complement contains % = 16 triangles. Out of (g) = 56 total



triangles, the desired probabilityis 1 — % = %

Thus, Dis the correct answer.



24. Inthe cube ABC D EFG H with opposite vertices C'and E, J and I are the
midpoints of segments FBand HD,respectively. Let R be the ratio of the area of the
cross-section EJC1I to the area of one of the faces of the cube. What is R??

E

5
A —_
4
5 4
3
c 3
2
25
D —_
16
9
E —
4
Solution:

Allow s torepresent the length of an edge of the cube. Noting that each side of the
cross sectionis equal inlength, we conclude that EJC1T is arhombus. The area of this
rhombus can be calculated as %IJ - C'E, as the area of arhombus is equal to half the



product of its diagonals. Using the Pythagorean Theorem:

IJ = FH = sV2.

Similarly, using the Pythagorean Theorem again lets us see that:

Therefore,

CE = \/AC? + AE?
= \/(sﬁ)2 + 52

= /252 + g2
:3\/§

3
Thus, R? = 2 andthe correct answeris C.



25. How many perfect cubes lie between 28 + 1and 2'® + 1, inclusive?

A 4

B 9

c 10

D 57

E 58
Solution:

Because 6% = 216 < 257and 257 < 343 = 73, the smallest cube in the interval is 72.
Also, 643 = 218 < 218 1 1 < 653 sothelargest cubeis 643.

Theinteger cuberoots are therefore 7,8, ..., 64,atotalof 64 — 7 + 1 = 58.

Thus, Eis the correct answer.
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