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1. AndyandBetsy both live in Mathville. Andy leaves Mathville on his bicycle at 1:30,
traveling due north at a steady 8 miles per hour. Betsy leaves on her bicycle from the
same point at 2:30, traveling due east at a steady 12 miles per hour. At what time will
they be exactly the same distance from their common starting point?

A 3:30
B 3:45
c  4:00
D 4:15
E 4:30
Solution:

Let t be the number of hours since 1:30. Andy has traveled 8¢ miles north, and Betsy,
who started an hour later, has traveled 12(¢ — 1) miles east.

Setting the distances equal,
8t =12(t — 1),

so4t = 12andt = 3.
Three hours after1:30is 4:30.

Thus, the correct answerisE.



2. Aboxcontains 10 pounds of a nut mix thatis 50 percent peanuts, 20 percent cashews,
and 30 percent almonds. A second nut mix containing 20 percent peanuts, 40 percent
cashews, and 40 percent almonds is added to the box resulting in a new nut mix that is
40 percent peanuts. How many pounds of cashews are now in the box?

A 35

B 4

c 4.5

D 5

E 6
Solution:

The firstbox has 5 Ib peanuts, 2 lb cashews, and 3 Ib almonds. Adding x pounds of the
second mix contributes 0.2z |b peanuts and 0.4x lb cashews.

The new peanut fractionis 40%, so

5+ 0.2z

= 0.4.
10 + =z

Thisgivesd + 0.2 =4 + 0.4z,so0x = 5.

The cashews now total 2 + 0.4(5) = 4 pounds.

Thus, the correct answeris B.



3. Ateam of studentsis goingto compete against ateam of teachersin a trivia contest.
The total number of students and teachersis 15. Ash, a cousin of one of the students,
wants tojoin the contest. If Ash plays with the students, the average age on that team
willincrease from 12 to 14. If Ash plays with the teachers, the average age on that team
will decrease from 55 to 52. How old is Ash?

A 28
B 29
c 30
D | 32
E 33
Solution:

Let s be the number of students and a be Ash’s age. The students’ ages total 12s, and
adding Ash gives

12s +a =14(s + 1)

— a = 2s + 14.

There are 15 — s teachers with ages totaling 55(15 — s), and adding Ash gives
55(15 — s) +a = 52(16 — s)

— a=3s+7.

Setting2s 4+ 14 = 3s + Tgivess = 7,s0a = 2(7) + 14 = 28.

Thus, the correct answeris A.



4. Agneswrites the following four statements on a blank piece of paper.
e Atleast one of these statementsis true.
e Atleast two of these statements are true.
e Atleast two of these statements are false.
e Atleast one of these statementsis false.

Each statementis either true or false. How many false statements did Agnes write on
the paper?

A0

B 1

c | 2

D 3

E 4
Solution:

LetT'be the number of true statements. The statementsassertT > 1,7 > 2,T < 2,
andT' < 3, respectively.

TestingT' = 3:theconditionsT > 1,T > 2,T < 3 hold(statements one, two, four)
andT' < 2fails (statement three). Exactly 3 statements are true, matchingT' = 3.

ForT = 0,1, 2, 3,4, therespective numbers of true conditions are 2, 3, 4, 3, 2, sono
othervalueis self-consistent. Therefore exactly one statement s false.

Thus, the correct answeris B.



5. Inthefigure below, the outside square contains infinitely many squares, each of them
with the same centerand sides parallel to the outside square. The ratio of the side
length of a square to the side length of the nextinnersquareis k,where 0 < k < 1.
The spaces between squares are alternately shaded, as shownin the figure (whichiis
not necessarily drawn to scale).

The area of the shaded portion of the figure is 64% of the area of the original square.
Whatis k?

3
A —
5
5 16
25
c 2
3
3
D —
4
4
E —
5)
Solution:
Let the outer square have area 1. The nested squares have areas 1, k?, k4, ...,s0the

ring between the nthand (n + 1)th squares has area k2" (1 — k?).



The shadedrings are the alternateonesn = 0, 2,4, . .., with total area

N 1— k2
4 2\ _
Zkﬂ(1—k)_1_k4
7=0
1
14 k2
16 25 9 3
Setti = —givesl +k?> = —,sok? = —andk = —.
e |ng1+k2 5% gives 1 + 16,30 16an 1

Thus, the correct answeris D.



6. Sixchairs are arranged around around table. Two students and two teachers randomly
select four of the chairs to sitin. What is the probability that the two students will sit in
two adjacent chairs and the two teachers will also sit in two adjacent chairs?

1
A —_
6
1
B —_
5
2
C _
9
5 3
13
c 1
4
Solution:

Choosing 2 chairs for the students and 2 for the teachers gives (g) (‘21) =15-6=90

equally likely outcomes.
Around table has 6 adjacent pairs of chairs. Give the students any adjacent pair;
among the remaining 4 chairs there are exactly 3 adjacent pairs for the teachers. That
is6 - 3 = 18 favorable outcomes.
The probability is ﬁ = 1

90 b5
Thus, the correct answeris B.



7.

In a certain alien world, the maximum running speed v of an organismis dependent on
its number of toes n and number of eyes m. The relationship canbe expressedasv =
kn®m?® centimeters per hour, where k,a,andbareinteger constants. Ina population
where all organisms have 5 toes, log v = 4 + 2 log m; andin a population where all
organisms have 25 eyes, log v = 4 4 4 log n, where the logarithms are base 10. What
isk +a+ b?

A 20
B 21
c 22
D 23
E 24
Solution:

Taking logarithms, log v = log k + alogn + blog m.

Withn = 5, thisreadslog v = (log k + a log 5) +blog m, matching4 + 2 log m, so

b= 2andlogk + alogb = 4.

Withm = 25,itreadslogv = (log k + blog 25) +a log n, matching4 + 4 log n, so

a = 4andlog k + 2log 25 = 4.

10000
625

Thenlog k = 4 — log 625 = log
16 +4 + 2 = 22.

=log 16,s0k = 16.Hencek +a + b =

Thus, the correct answeris C.



8. Pentagon ABC DF'isinscribedinacircle,and ZBEC = ZCED = 30°.Let AC
and BD intersect at point F', and suppose that AB = 9and AD = 24.Whatis BF'?

A 57
11

59

B —_
11

60

C -
11

61

D —_
11

63

E —_
11
Solution:

Theinscribed angle ZBEC = 30° subtends arc BC' = 60°,so0 ZBAC, whichalso
subtends arc BC, equals 30°. Likewise ZC AD = 30°.

Thus AC bisects /ZBAD = 60°.InAABD,
BD* =9 4 24
—2(9)(24) cos 60°
= 657 — 216 = 441,

soBD = 21.

BF
Since AF (along AC) bisects ZBAD,the Angle Bisector Theorem gives 7D -
§:3:§ HenceBF:in:@
AD 24 8§ 11 11°

Thus, the correct answerisE.



9. Letwbethecomplexnumber?2 4 2, wheret = 4/—1. What real numberr has the
property thatr, w, and w? are three collinear points in the complex plane?

A 3
4
B 1
o 7
5
5 3
2
5
E _
3
Solution:

Computew? = (2 +4)% = 3 + 44, so the points are (2, 1) and (3, 4).

3—2

The line through them has slope = 3, givingy = 3x — 5. Settingy = Oyields

r = —.

3

5
Sor = —.
3

Thus, the correct answerisE.



10. In the figure shown below, major arc AD and minor arc BC have the same center, O.
Also, Aliesbetween O and B, and D lies between O and C. Majorarc AD, minorarc
BC, and each of the two segments AB and C'D have length 27r.

C

What is the distance from QO to A?

A 1
B 1—7+ 1+ 72
c 1

—Tr

2

Solution:
Let R = OA =0ODandRy; = OB = OC,andleta = ZAOD = ZBOC (therays

coincide). The minor arc BC haslength Rya = 27, and the majorarc AD is the reflex
arc,so R1(2m — a) = 2.
Eachsegment AB =CD = Ry — Ry = 2.

, 27
From the first two equations, Ry = — and R; =
o

. Substitutinginto Ry —
2T — «

R, = 27 anddividing by 27 gives



1 1
- —1
a 2r—a ’

which simplifiestoa? — 2(1 + m)a + 27 = 0.

The largerrootis greater than 27, so it cannot be an angle of this minorarc. Thus a =

(1+7) — v1+ w2.Then

2
R, =
1 2T — «

2T
T—14+ 1+ 72
=1—-m++v1+n2,

afterrationalizing (the denominatortimes /1 + w2 — (7w — 1) equals 27).

Thus, the correct answeris B.



11. The orthocenter of atriangle is the concurrent intersection of the three (possibly
extended) altitudes. What is the sum of the coordinates of the orthocenter of the
triangle whose vertices are A(2, 31), B(8,27),and C(18,27)?

A 5!
B 17
c | 104417 +2413
113
D -
3
E 54
Solution:

Since B and C bothhavey = 27, side B('is horizontal and the altitude from A is the
verticallinex = 2.

27 - 51 = the altitude from B has slope 4
= —— rom ;
152 12 Sothealtitude fro as slope

y — 27 =4(z — 8).

Side AC has slope

Atx = 2,y = 27 + 4(2 — 8) = 3. The orthocenteris (2, 3), with coordinate sum 5.

Thus, the correct answeris A.



12. The harmonic mean of a collection of numbers is the reciprocal of the arithmetic mean

of thereciprocals of the numbersin the collection. Forexample, the harmonic mean of
4,4,andbis

1 30

1(1 11 2
si+ti+s) 7
What is the harmonic mean of all the real roots of the 4050th degree polynomial

2025

H(k:c2 — 4z — 3)

k=1
= (2® —4x — 3)
- (22 — 4z — 3)
- (32% — 4z —3)---
(2025x> — 4z — 3)?

5

A - —
3

3

B P
2

6

C o
5

5

D o
6

2

E -
3
Solution:

Eachfactorka? — 4z — 3hasdiscriminant 16 + 12k > 0, so it has two real roots;
there are 4050 rootsinall.

Bl [N
—~

sum

Forthe roots of kx? — 42 — 3, the sum of reciprocals s =
product  —

ol V]

independent of k.



1 4

Summing over all 2025 factors, E — = 2025 (—§> = —2700. The harmonic mean
r

IS

4050 3

—2700 @ 2°

Thus, the correct answeris B.



13. LetC' = {1,2,3,...,13}.Let N be the greatest integer such that there exists a
subset of C' with IV elements that does not contain five consecutive integers.
Suppose N integers are chosen at random from C without replacement. What is the
probability that the chosen elements do not include five consecutive integers?

3
A —_—
130
5 3
143
c 5%
143
1
D —_
26
5%
E —_
78
Solution:

To avoid five consecutive integers, it suffices to remove two elements (for example 5
and 10), and no single removal can hit both disjoint blocks {1, ..., 5} and
{9,...,13}.ThusN =11.

Choosing 11 of 13 elementsis the same as removing 2, which canbe doneiin (123) =
78 ways. The chosen set avoids five consecutive integers exactly when the two
removed elements togetherintersect every window {¢,t + 1,¢t + 2,t + 3,¢ + 4} for
t=1,...,9.

This forces one removed elementin {1, ...,5},the otherin{9,...,13},and the two
within 5 of each other. The valid removals are {4, 9}, {5, 9}, and {5, 10}, giving 3 of
them.

3 1
Th bability is — = —.
e probability is 78— 26

Thus, the correct answeris D.



14. Points F', G, and H are collinear with G between F and H. The ellipse withfociat G
and H isinternally tangent to the ellipse with fociat F'and GG, as shown below.

The two ellipses have the same eccentricity e, and the ratio of their areas is 2025.

c
(Recall that the eccentricity of anellipseise = —, where cis the distance from the
a

centerto afocus, and 2a is the length of the major axis.) Whatise?

3
A —
5}
16
B P
25
4
C —
)
22
D -
23
44
E -
45
Solution:
With the same eccentricity, b = av/1 — €2, so the areamab  a?. The arearatio 2025
a
gives 1= 2025 = 45, where a1, a2 are the semi-major axes.
a2

Both ellipses share focus GG. On the large ellipse G is the right focus, so its right vertex
liesa; — ¢ totheright of G. Onthe small ellipse G is the left focus, so its right vertex
lies ag + co to theright of G. Internal tangency makes these coincide:

a; — C; = as + Ca.



15.

Usinge = ea,ai(1 — e) = az(1 +€),s045(1 — e) = 1 + e, giving46e = 44 and
22

—_— %.
Thus, the correct answeris D.

€

A set of numbersis called sum-free if whenever x and y are (not necessarily distinct)
elements of the set, ¢ 4 yis not an element of the set. Forexample, {1,4, 6} and the
empty set are sum-free, but {2, 4, 5} isnot. What is the greatest possible number of

elementsinasum-free subsetof {1,2,3,...,20}7
A8
B 9
c 10
D 11
E 12
Solution:
Theset{11,12,...,20} has 10 elements and is sum-free, since any two elements

sumto atleast 22 > 20.

Forthe upperbound,leta; < as < -+ < a be asum-free subset. Each difference
a, — a;fori < kcannotliein S,because (a; — a;) + a; = ax € S wouldviolate
sum-freeness.

These k — 1differences are distinct, liein {1, ..., 19}, and are disjoint from the k
elementsof S.Sok + (k — 1) < 20, givingk < 10.

Thus, the correct answeris C.



16. Triangle AABC hasside lengths AB = 80, BC = 45,and AC' = 75. The bisector of
/ B andthe altitude to side AB intersect at point P. Whatis BP?

A 18
B 19
c 20
D 21
E 22
Solution:

By the Law of Cosines,

802 + 452 — 752

cos B =
2-80-45
~ 2800 7
7200 18°
The altitude to AB isdrawn from C', and its foot is at distance BC cos B = 45 -
% = 17.5from B along AB.

B
Along the bisector from B, the component parallelto AB is BP cos 5 which must

B
reach the altitude’s foot: BP cos — = 17.5.

2
B [1+%& [25 5 17.5
Since cos 3= Tw: 36— g,wegetBP = = 21.

Thus, the correct answeris D.

OﬂCﬂ‘



17. The polynomial (z + 7)(z + 2¢)(z + 3i) + 10 has three roots in the complex plane,
wheret = 4/—1. What s the area of the triangle formed by these roots?

A 6

B | 8

c 10

D 12

E 14
Solution:

The sum of the rootsis —61, so the centroidis —23. Substituting z = u — 21,
(uw—1)(u)(u+1)+ 10
= u(u® +1)+10
= u® + u + 10.

Sinceu = —2isaroot,u® + u + 10= (u + 2)(u? — 2u + 5), givingrootsu = —2
andu = 1 + 2.

These are the points (—2, 0), (1, 2), (1, —2). The base between (1, 2) and (1, —2) has
1

length 4, at horizontal distance 3 from (—2, 0), so the areais 3 (4)(3) = 6.Translation

does not change the area.

Thus, the correct answeris A.



18. How many ordered triples (, y, z) of distinct nonnegative integers less than or equal
to 8 satisfyxy > z,za > y,andyz > x?

A 36
B &4
CcC 186
D 336
E 486
Solution:

If any variableis 0, say z = 0, then zx = 0 > yisimpossible.Soz,y, z € {1,..., 8}
are distinct positive integers.
The conditions are symmetric. For distinct valuesa < b < ¢,we haveac > band

bc > a automatically, so the only real constraintis ab > c¢. Whenitholds, all 6
orderings work.

Foreach possible smallest value a, the numbers of pairsa < b < ¢ < 8satisfying

ab > care

5 6
3 1L

a |1 2 3 4
count|0 11 10 6

For fixed a, b, this count comes from choosing cbetween b + 1 and min(8, ab — 1).
Thus there are 31 unordered triples, and all 6 orderings of each work. The answeris 6 -
31 = 186.

Thus, the correct answeris C.



19. Leta, b, and cbe the roots of the polynomial z3 + kx + 1. Whatis the sum

a’b? + a’b® + b3c?
+ b2 + 2a? + Pa’?

A —k

B —k+1

C 1

D k-1

E k
Solution:

By Vieta’'sformulas,a + b + ¢ = 0,ab + bc + ca = k,andabc = —1.
Group the sumas
a’b*(a + b) + b*c*(b + c)
+ cta’(c + a).
Sincea+ b+ c=0,wehavea+ b= —c,b+c= —a,c+a= —b.
Sothe sumequals
—a’b?c — ab’c? — a’bc?
= —abc(ab + bc + ca)
= —(-1)(k) = k.

Thus, the correct answerisE.



20. The base of the pentahedron shown belowisa 13 x 8rectangle, andits lateral faces
are two isosceles triangles with base of length 8 and congruent sides of length 13,
and two isosceles trapezoids with bases of lengths 7 and 13 and nonparallel sides of
length 13.

8

Whatis the volume of the pentahedron?

A | 416
B 520
C 528
D 676
E 832
Solution:

The topis aridge of length 7, centered above the base at some height h. Its
endpoints sitabove (3, 4) and (10, 4) of the 13 x 8 base. Aslantedge to abase
cornerhaslength /32 4+ 42 + h2 = 13,soh = 12.

z
At height z, the horizontal cross-sectionis arectangle measuring (13 — 5) by

2
(8 — ?z) Atz = QOitsareais104;atz = 6itis10 - 4 = 40; at z = 12 theridge has

area0.



By the prismatoid formula,

12
V=" (104+4-40+0)
— 2(264) = 528.

Thus, the correct answeris C.



21. Thereis a unique ordered triple (a, k, m) of nonnegative integers such that

4a 4 4a+k + 4a+2k I 4a+mk
9a + 2a+k: + 2a+2k 4+ .- 4 2a+mk
= 964.

Whatisa + k +m?

A 8
B | 9
c 10
D 11
E 12
Solution:

If Kk = 0orm = 0, the original ratiois just 2%, which cannot equal 964. Hence k, m >
0.

4k(m+1) _ 1
Summing the geometric series, the numeratoris 4GW and the denominator
2k(m+1) -1
is 2GW' Using4™ — 1 = (2% — 1)(2Y + 1), theratio simplifies to
ok(m+1) 4 1
0.2 T1 _ gpa.
2k +1

The fraction on the leftis odd over odd, soits power of 2is 0. Since 964 = 22 - 241, we
musthavea = 2,and

ok(m+1) 11 = 241(2F +1).

Reducing this equation modulo 2% shows that 2% | 240,s0k < 4.Fork = 1,2, 3, the
required powers of 2would be 722, 1204, 2168, none of whichis a power of 2. For

k = 4,however,241(2* + 1) = 4097 = 22 + 1,s0k(m + 1) = 12andm = 2.This
also proves uniqueness.



22.

Thena+k+m=2+4+2=28.

Thus, the correct answeris A.

Three real numbers are chosen independently and uniformly at random between 0 and
1. Whatis the probability that the greatest of these three numbers is greater than 2
times each of the other two numbers? (In other words, if the chosennumbersarea >
b > c,thena > 2b.)

1
A —_
12
5 1
9
1
C —
8
1
D —
6
1
E —
4
Solution:

Orderthevaluesasx; > x9 > x3; thejoint density of the order statisticsis 6 on this
region. The eventisx; > 2x5.

Integrating 3 from 0 to x5 contributes a factor of 5. Then

: 1
P:6/2CI32/ dZCldCEQ
0 21,‘2
1
2

6/ 372(1 - 2:132) dwz.
0

_ 1 1 1 1
Thisequals6 | = — — | =6+ — = —.
8 12 24 4

Thus, the correct answerisE.



23. Callapositive integer fairif no digit is used more than once, it has no 0s, and no digit is
adjacent to two greater digits. For example, 196, 23, and 12463 are fair, but 1546,
320, and 34321 are not fair. How many fair positive integers are there?

A 511
B 2584
C 9841
D 17711
E 19682
Solution:
The digits are distinct and drawnfrom {1, . .., 9}, and “no digit adjacent to two

greaterdigits” means nointerior digitis smaller than both neighbors.

For a fixed set of n digits, build the arrangement by inserting digits fromlargest to
smallest; each new (smaller) digit must go to one of the two ends, giving 2%~ ! valid
arrangements.

Summing over allnonempty digit subsets,

n=1
22 (2)
n=1 n
39 -1 19682
= = = 9841.
2 2

Thus, the correct answeris C.



24. Acircle of radius r is surrounded by 12 circles of radius 1, externally tangent to the
central circle and sequentially tangent to each other, as shown. Then r can be written
asy/a + v/b + c,where a, b, and care integers. Whatisa + b + c?

A 3

B 5

c 7

D 9

E 11
Solution:

The centers of the 12 outer circles lie on a circle of radius r 4+ 1, forming aregular 12-
gon. Adjacent centers are 2 apart (both circles have radius 1), and the central angle
betweenthemis 30°.

e V642
n 150.Smcesm 15° = — 1

4
eV Verv2

Thenr =6 ++v2—1,s0a+b+c=6+2—-1=T1.

Thus, the correct answeris C.

Thus2(r + 1) sin15° = 2,sor +1 =

r+1=



25. Polynomials P(z) and Q(x) each have degree 3 and leading coefficient 1, and their

P(x
roots are allelements of {1, 2, 3,4, 5}. The function f(z) = QE ; has the property
x
that there exist realnumbersa < b < ¢ < dsuchthat the set of allreal numbers x
suchthat f(z) < 0consists of the closed interval [a, b] together with the open

interval (¢, d). How many functions f(z) are possible?

AT

B 9

C 11

D 12

E 13
Solution:

This problem was voided: as written, its answer is not among the choices. Here is the
count.

For{f <0} = [a, b] U (¢, d), the endpoints a, b of the closed interval must be zeros
of P atwhich @ # 0, while ¢, d must be poles. The required sign patternis therefore
that of

_ (z—a)(z—b)
9@ = e —d)

The unused third factor of P must match the unused third factor of (Q; otherwise there
would be an extra zero, pole, or sign change.

If the common factoris the fifth value notamonga, b, ¢, d, it cannot make a hole inside
eitherinterval. Inthe ordered list of five values it may therefore occur before a,
betweenband c, or afterd, giving 3 functions.

Alternatively, the common factor can equal cord. For each of the (Z) = b choices of
a, b, c, d, these two polynomial pairs simplify to the same formula g and have the same
domain (both omit ¢, d), so they define only one function. This gives 5 more functions,
foraliteraltotalof3 + 5 = 8.



Counting the two polynomial pairs separately in each of the last five cases gives 3 +
2 - 5 = 13, the provisional answer (E), but that does not answer the stated question
about functions. Thus none of the printed choicesis correct.
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1. Theinstructions ona350-grambag of coffee beans say that proper brewing of alarge
mug of pour-over coffee requires 20 grams of coffee beans. What is the greatest
number of properly brewed large mugs of coffee that can be made from the coffee
beansinthat bag?

A 16
B 17
c 18
D 19
E 20
Solution:

350
Each muguses 20 grams, and >0 = 17.5. Only complete mugs can be brewed, so

the greatest numberis 17.

Thus, the correct answeris B.



2. Jerry wrote down the ones digit of each of the first 2025 positive squares: 1,4,9, 6, 5,

0, . ... Whatisthe sum of all the numbers Jerry wrote down?
A 9025
B 9070
c 9090
D 9115
E 9160
Solution:

The ones digits of 12,22, ...,10%are 1,4,9,6,5,6,9,4, 1, 0, which sumto 45. The
2025 terms contain 202 full blocks (2020 terms) plus 5 more with digits 1,4, 9, 6, 5
summing to 25. The totalis 202 - 45 + 25 = 9090 + 25 = 9115.

Thus, the correct answeris D.



3. Whatisthevalueofi(i — 1)(¢ — 2)(¢ — 3),wherei = v/—17

A 6—5t

B —102

c 10z

D —10

E 10
Solution:

i(i—1) =14 —i=—-1—14,and (i — 2)(i — 3) = i* — 5i + 6= 5 — 5i.Then
(-1—14)(5—5i) = -5
+ 51 — 57
+ 5
= —-5—5=—-10.

Thus, the correct answeris D.



4. Thevalue of the two-digit number g bin base seven equals the value of the two-digit
numberb ainbase nine. Whatisa + b?

A T

B 9

c 10

D 11

E 14
Solution:

Setting7a + b = 9b + a gives 6a = 8b,so3a = 4b.Thusa = 4tand b = 3t.
Because both are base-seven digitsanda # 0,onlyt = 1 works. Hencea = 4,b =
3,andindeed43; = 31 = 349.Thereforea + b = 7.

Thus, the correct answeris A.



5. Positiveintegers x and y satisfy the equation 57x + 22y = 400. What is the least
possible value of z + y?

A 10
B 11
c 13
D 14
E 15
Solution:

Modulo 22, the equation gives 13z = 4,sox = 2 (mod 22). With57z < 400, the
only optionisx = 2, which gives 22y = 286,soy = 13.Thenx + y = 15.

Thus, the correct answerisE.



6. Emmy says to Max, “l ordered 36 math club sweatshirts today.” Max asks, “How much
did each shirt cost?” Emmy responds, “I'll give you a hint. The total cost was

was a good price.” Whatis A + B?

AT

B | 8

C 11

D 14

E 15
Solution:

The totalincentsis 100004 + 1110B + A= 10001 A + 1110B, whichmustbe a
multiple of 36. Since 10001 = 29and 1110 = 30 (mod 36), the conditionis 294 +
30B =0,ie.7TA+ 6B =0 (mod 36). Reducing once more modulo 6 gives A = 0
(mod 6), so the only possible nonzero digitis A = 6. Then42 + 6B is divisible by 36
only forthe digit B = 5.Indeed $655.56 = 36 x $18.21,s0 A + B = 11.

Thus, the correct answeris C.



7. Whatisthe value of

255

Z log, (1 + %) 0

(log, n)(logy(n + 1))

n=2

A 3
4
1
8 log, 255
7
C —
8
15
D J—
16
E 1
Solution:
. Qp41 — Aap
Leta,, = log, n.The numeratorequals a,+1 — a,,so eachtermis ——— =
Ananpi1
11 | 1 | T ¢
— — . Telescoping fromn = 2to 255 leaves — =1—-=—-.
an  Gpi1 log,2  log, 256 8 8

Thus, the correct answeris C.



8. Thereareintegersaand bsuch that the polynomial 3 — 522 + azx + bhas4 + v/bas
aroot. Whatisa + b?

A 13
B 17
c 20
D 30
E 68
Solution:

The conjugate4 — v/Bis also aroot, and these two are the roots of % — 8z + 11. The
third root r satisfies 8 + 7 = 5,sor = —3.Then (z? — 8z + 11)(z + 3) = =3 —
522 — 13z + 33, givinga = —13andb = 33,s0a + b = 20.

Thus, the correct answeris C.



. Whatis the tens digit of 657

A1

B 3

cC 5

D 7

E 9
Solution:

Here 6% = 46656. Forn > 2, the last two digits of 67 cycle with period 5 through
36, 16,96, 76, 56. Since 46656 = 1 (mod 5), 61556 endsin 56, so the tens digit is 5.

Thus, the correct answeris C.



10. The altitude to the hypotenuse of a 30-60-90 right triangle is divided into two
segments of lengths x < y by the median to the shortest side of the triangle. What is

the ratio ?
r+vy
3

A —
7

s V3
4
4

C —_
9

5 5
11

e | 43
15

Solution:

Take C = (0,0),4 = (+/3,0), B = (0,1),s0 ABis the hypotenuse and BC'is the
shortest side. The altitude from C'meets ABat H = (\/Tg, ?I) . The median from A to
M = (O 1) crosses the altitude at P = <§, %) . This splits the altitude into CP =

’ 2
3
2—‘/g—%andPH:?’\/g —3*/§and T _

=5 ,SOL = = —-.
14 7 14 :1:+y 7

7

Thus, the correct answeris A.



11.

Nine athletes, no two of whom are the same height, try out for the basketball team.
One at atime, they draw a wristband at random, without replacement, from a bag
containing 3 blue bands, 3 red bands, and 3 green bands. They are divided into a blue
group, ared group, and a green group. The tallest member of each group is named the
group captain. What is the probability that the group captains are the three tallest
athletes?

2
A —_
9
2
B —_
7
9
C —_
28
1
D —
3
3
E —_
8
Solution:

Each group has 3 slots. The three tallest athletes are the captains precisely when they
fallinto three different groups. Placing them one at a time into the 9 slots, the second

must avoid the first’s group (6 of the remaining 8 slots) and the third must avoid both

6 9
used groups (3 of the remaining 7 slots). The probability is 3 . - = 23"
Thus, the correct answeris C.



12. The windshield wiper on the driver’s side of alarge busis depicted below.

C

A

Arm AB pivots back and forth around point A, sweeping out an arc of 60°, symmetric
about the vertical line through A. The wiper blade C'D is attached to B at its midpoint
and stays vertical as the arm moves. The armis 3 feet long, and the wiperblade is 3.5
feet tall. What is the area of the windshield cleaned by the wiper, in square feet, to the
nearest hundredth? (Assume that the windshield is a flat vertical surface.)

A | 9.68
B 10.14
c 10.50
D 11.32
E 12.00
Solution:

Put A at the origin. Then B = (3 sin 6, 3 cos #) for§ € [—30°, 30°], so the horizontal
coordinate of Branges over [—1.5, 1.5], awidth of 3. At each horizontal position
exactly one vertical blade of height 3.5 passes through, so by Cavalieri’s principle the
cleaned areais 3.5 x 3 = 10.5 square feet.

Thus, the correct answeris C.



13. Acircle has beendivided into 6 sectors of different sizes. Then 2 of the sectors are
paintedred, 2 painted green, and 2 painted blue so that no two neighboring sectors
are painted the same color. One such coloring is shown below.

How many different colorings are possible?

A 12
B 16
c 18
D 24
E 28
Solution:

The two sectors of each color must be anon-adjacent pair, so a coloringis away to
split the 6 cyclic sectorsinto three non-adjacent pairs together with an assignment of
the three colors. The non-adjacent pairs are the edges of the complement of the 6-
cycle, the triangular prism, which has 4 perfect matchings. Assigning the three colors
in3!ways gives4 x 6 = 24 colorings.

Thus, the correct answeris D.



14. Consider a decreasing sequence of n positiveintegersx; > x93 > - -+ > x,, that
satisfies the following two conditions:

e The average (arithmetic mean) of the first 3 terms in the sequenceis 2025.

e Forall4 < k < n,the average of the first k termsin the sequenceis 1 less than the
average of the first k — 1 termsin the sequence.

What is the greatest possible value of n?

A | 1013
B 1014
c 1016
D 2016
E 2025
Solution:

The average of the first k termsis Ay, = 2028 — kfork > 3, so the partial sumis

Sk = k(2028 — k).Fork > 4,z = Sk, — Sk_1 = 2029 — 2k, whichis positive
exactlywhenk < 1014. Avalid start suchas x, €2, x3 = 2030, 2023, 2022 keeps the
whole sequence strictly decreasing, so the greatest possible nis 1014.

Thus, the correct answeris B.



15. Acontainerhasal x 1squarebottom,ad X 3 opensquare top, and four congruent
trapezoidal sides, as shown. Starting when the containeris empty, a hose that runs
water at a constant rate takes 35 minutes to fill the container up to the midline of the
trapezoids.

How many more minutes will it take to fill the remainder of the container?

A 70
B 85
c 90
D 95
E 105
Solution:

At height fraction t the square cross-section has side 1 + 2t, so the volume filled up to

heighttis [ (1 + 2u)? du. Up to the midline (t = 1) thisis Z, and the full volume is 2.
The remaining volumeis % — % = %,which is % times the first part. So the remainder

takes 35 - £ = 95 more minutes.
7

Thus, the correct answeris D.



16. Ananalog clock starts at midnight and runs for 2025 minutes before stopping. What is
the tangent of the acute angle between the hour hand and the minute hand when the
clock stops?

A0

B v2-1

c 2-2
V2

p Y=
2

E 3-2

Solution:

2025 minutesis 33 hours 45 minutes, which modulo 12 hours reads 9:45. The minute
hand points at 270° and the hourhand at 9.75 x 30° = 292.5°, so the acute angle
betweenthemis 22.5°. Using the half-angle value, tan 22.5° = /2 — 1.

Thus, the correct answeris B.



17. Eachofthe9squaresinad x 3 gridistobe coloredred, blue, oryellowin such away
that eachred square shares an edge with at least one blue square, each blue square
shares an edge with atleast one yellow square, and each yellow square shares an
edge with atleast one red square. Colorings that can be obtained from one another by
rotations and/orreflections are to be considered the same. How many different
colorings are possible?

A3

B 9

c 12

D 18

E 27
Solution:

First count colorings of the grid withits positions labeled. Checking the 27 possible
rows in succession andrejecting arow as soon as a square whose neighbors are now
known lacks its required next color gives the following complete count by the
numbers of red, blue, and yellow squares:

(#R,#B,#Y) | valid colorings
(2,4,3) 16
(3,2,4) 16
(3,3,3) 36
(4,3,2) 16

Thus the identity symmetry fixes 16 + 16 + 36 + 16 = 84 colorings.

For the other symmetries, the fixed-coloring counts are 0 for each nontrivial rotation, 6
foreachreflection across a horizontal or vertical axis, and 0 for each diagonal
reflection. (Foran axis reflection, a direct check of the three palindromic rows gives
the 6 possibilities.) Therefore Burnside’s lemma gives

84+2-6

12.
8

Thus, the correct answeris C.



1
18. Awnik repeatedly plays a game that has a probability of winning of 3 The outcomes of

the games are independent. What is the expected value of the number of games he
will play until he has bothwon and lost at least once?

5
A —_
2
B 3
16
C —_
5
7
D —_
2
15
E —_
4
Solution:

The first game produces one outcome. If it was a win (probability %), the expected wait
foralossis % = %; ifitwas aloss (probability %), the expected wait forawinis + = 3.
3

3
Sothe expectedtotalis1 + % . % + % -3=1+ % + 2= %

Thus, the correct answeris D.



19. Arectangular grid of squares has 141 rows and 91 columns. Each square has room for
two numbers. Horace and Vera each fillin the grid by putting the numbers from 1
through 141 x 91 = 12,831 into the squares. Horace fills the grid horizontally: he puts
1 through 91 in order fromlefttorightintorow 1, puts 92 through 182 intorow 2in
order fromleft to right, and continues similarly through row 141. Vera fills the grid
vertically: she puts 1 through 141 in order from top to bottominto column 1, then 142
through 282 into column 2 in order from top to bottom, and continues similarly through
column91. How many squares get two copies of the same number?

AT

B 10

c 11

D | 12

E 19
Solution:

Inrow 7, column ¢, Horace writes (r — 1) - 91 + cand Verawrites (¢ — 1) - 141 + 7.
Setting these equal gives 90r — 140c = —50,i.e.9r = 14c — 5. Thisrequiresc = 1
(mod 9),soc =1,10,19,...,91 —thatis 11 values, and eachyields a valid r
between1land141.So 11 squares match.

Thus, the correct answeris C.



20. Afrog hops along the numberline according to the following rules.

o It startsat0.

1 1
e Ifitisat 0, thenit moves to 1 with probability 3 and it disappears with probability 2

1
e Forn = 1,2,0r3,ifitisatn, thenitmoveston + 1 with probability E itmovesto

1
n — 1 with probability 1 and it disappears with probability 3

What is the probability that the frog reaches 47

1
A —_—
101
1
B -
100
1
C I
99
5 1
98
c 1
97
Solution:

Let f(n) be the probability of reaching 4 fromn. Then f(0) = 1 f(1),andforn =
1,2,3,f(n) = 1 f(n+ 1) + 1 f(n — 1),with f(4) = 1. Solving upward gives
f(2) = §f(1)and f(3) = 13f(1);then4 - 13f(1) = 1 + § f(1)yields f(1) = &,

so f(0) = .

Thus, the correct answerisE.



21. Two non-congruent triangles have the same area. Each triangle has sides of length 8
and 9, and the third side of each triangle has integerlength. What is the sum of the
lengths of the third sides?

A 20
B 22
c 24
D 26
E 28
Solution:

The areawithincluded angle #is 36 sin 6, so two triangles of equal area use angles 0
and 180° — @, with cosines = cos 6. By the law of cosines the third sides satisfy t> =
145 F 144 cos 0, hence t? + t2 = 290.Since 290 = 2 (mod 8), bothinteger sides
must be odd. Checking the odd squaresin the triangle-inequalityrange 1 < t < 17
leavesonly 112 4 132 = 121 + 169 = 290. Therefore the sumis 24.

Thus, the correct answeris C.



22. Whatis the greatest possible area of the triangle in the complex plane with vertices
22,(1 +1)z,and (1 — i)z, where zis acomplex number satisfying |4z — 2| = 17

1
A —_
4
1
B —_
2
9
C N
16
3
D —
4
E 1
Solution:

Theverticesare z - 2, z(1 + i), and z(1 — 7), so the triangle is the fixed triangle with

vertices 2,1 + 4,1 — i —whichhas area 1 — scaled by ||, giving area | z|%. The

condition |4z — 2| = listhecircle |z — 3| = I, onwhich |z|isatmost 3 4+ ; = 3.
32 _ 9

Sothe greatest areais (Z) = 16°

Thus, the correct answeris C.



23. Let S bethe setof allintegers z > 1 such that for all pairs of nonnegative integers
(z,y)withz < y < z,the remainder when 2025z is divided by z is less than the
remainder when 2025y is divided by z. What is the sum of the elements of §7

A 3041

B 3542

c 3750

D 4044

E 4319
Solution:
The conditionrequires k — 2025k mod z to be strictlyincreasingon {0, 1, ...,z —
1}. Astrictly increasing list of z distinctvaluesin [0, z — 1] mustbe 0,1, ...,z — 1,s0

2025 =1 (mod 2),i.e.z | 2024.Since 2024 = 23 - 11 - 23, the sum of allits divisors
is(1+2+4+8)(1+11)(1 +23)=15-12 - 24 = 4320. Excluding z = 1leaves
4319.

Thus, the correct answerisE.



24. How many real numbers satisfy the equation sin(207z) = log,(x)?

A 199
B 200
c 398
D 399
E 400
Solution:

Since | sin(20mz)| < 1,every solutionliesin |, 20] . Forz < 1thelogarithmis
negative, so only the 10 negative sine lobesin [%, 1] can contribute. Eachhas one
crossing on each side of its minimum; on the last lobe, the second crossing s the

endpointz = 1. Hence this part contributes 20 solutions.

Forxz > 1, only positive lobes contribute. There are 190 of them: one in eachinterval
from1 + % tol + 1’“—0 + % for0 < k < 189. Every one after the first has one
crossing on each side of its maximum. The first has only one new crossing because its
left endpointis the already-counted solutionz = 1.Thusx > 1 contributes1 + 2 -
189 = 379 more solutions.

Forcompleteness, the claimed uniqueness on each half-lobe follows by
differentiating the difference of the two sides. On a falling positive half-lobe it is
strictly decreasing. On arising positive half-lobe its derivative increases and then
decreases once, so the difference crosses from negative to positive only once.
Applying the same argument to — sin(207x) + log,,  handles a negative lobe. The
totalis 20 + 379 = 399.

Thus, the correct answeris D.



25. Three concentric circles haveradii 1, 2, 3. An equilateral triangle with side length s has
one vertex on each circle. What is §2?

A 6
25
B —_
4
c 13
2
5 27
4
E 7
Solution:

Forthe common center at distances 1, 2, 3 from the vertices of an equilateral triangle
of side s, theidentity 3(1 + 16 + 81 + s%) = (1 + 4 + 9 + s%)? holds. This simplifies
to2s? — 2852+ 98 = 0,i.e. (82 —7)2 = 0,082 = 7.

Thus, the correct answerisE.

Problems: https://live.poshenloh.com/past-contests/amc12/2025B
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