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1. Carlostook 70% of a whole pie. Maria took one third of the remainder. What portion of
the whole pie was left?

A 10%
B 15%
c 20%
D 30%
E  35%
Solution:

After Carlos takes 70%, the remaining portionis 30%.
Maria takes one third of this, namely% -30% = 10%, leaving 30% — 10% = 20%.

Thus, Cisthe correct answer.



2. The acronym AMC is shownin the rectangular grid below with grid lines spaced 1 unit
apart. Inunits, what is the sum of the lengths of the line segments that form the
acronym AMC?

A 17

B 15422

C 13+4v2

D | 11+6+2

E 21
Solution:

Spliteach letterintoits segments. The A is a diagonal of length 2\/5, avertical of
length 2, and a crossbar of length 1.

The M has two verticals of length 2 and two diagonals of length V2 each.The C'is
three sides of length 2.

The straight piecestotal2 + 1+ 2 + 2 + 2 + 2 4+ 2 = 13, and the diagonal pieces
total2v/2 + v/2 + /2 = 44/2.
The sumis 13 + 4+/2.

Thus, Cisthe correct answer.



3. Adrivertravels for2hours at 60 miles per hour, during which her car gets 30 miles per
gallon of gasoline. She is paid $0.50 per mile, and her only expense is gasoline at $2.00
per gallon. Whatis her net rate of pay, in dollars per hour, after this expense?

A 20
B 22
c 24
D 25
E 26
Solution:

In 2 hours she drives 120 miles, earning 120 - $0.50 = $60.
Sheuses 120 + 30 = 4 gallons, costing4 - $2.00 = $8.
Hernet earnings are $60 — $8 = $52, so herrateis $52 + 2 = $26 perhour.

Thus, Eis the correct answer.



4. How many 4-digit positive integers (that is, integers between 1000 and 9999,
inclusive) having only even digits are divisible by 57

A 80
B 100
c 125
D 200
E 500
Solution:

To be divisible by 5 the last digitis 0 or 5, and to be even it must be 0. So the units digit
is fixed.

The leading digitis anonzero even digit: 2, 4, 6, 8 give 4 choices. Each of the two
middle digitsis any even digit 0, 2, 4, 6, 8, giving 5 choices each.

Thetotalis4-5-5-1 = 100.

Thus, Bis the correct answer.



5. The25integersfrom —10to 14, inclusive, can be arranged to form a 5-by-5 square in
which the sum of the numbers in each row, the sum of the numbers in each column, and
the sum of the numbers along each of the main diagonals are all the same. What is the
value of thiscommon sum?

A2
B 5
c 10
D 25
E 50
Solution:
The sum of the 25 integersiis (=10 +214) 25 = 50.

The five rows each have the same sum and togetheraccount for the total, so eachrow
sumsto 50 <+ 5 = 10.

Thus, Cisthe correct answer.



6. Inthe plane figure shown below, 3 of the unit squares have been shaded. What is the
least number of additional unit squares that must be shaded so that the resulting
figure has two lines of symmetry?

A 4

B 5

cC 6

D 7

E 8
Solution:

Forboth symmetries, the lines must be the vertical and horizontal centerlines of the 5-
by-4 grid. Every shaded square then forces the squares obtained by reflecting it
across eachline.

The top square lies off-center, soits reflection group has 4 squares, requiring 3 more.
The middle square sits on the central column, soits group has 2 squares, requiring 1
more. The bottom-right square again has a group of 4, requiring 3 more.

The least number of additional squaresis3 + 1+ 3 = 7.

Thus, Dis the correct answer.



7. Sevencubes,whosevolumesare1,8,27,64,125,216,and 343 cubic units, are
stacked vertically to form a tower in which the volumes of the cubes decrease from
bottom to top. Except for the bottom cube, the bottom face of each cube lies
completely ontop of the cube belowit. What is the total surface area of the tower
(including the bottom) in square units?

A 644
B 658
cC 664
D 720
E 749
Solution:
The side lengthsare 1,2, ..., 7. The fourside faces of cube k contribute 4k2, so the

vertical faces total 4(12 4 22 + - .- + 72) = 4 - 140 = 560.

Viewed from directly above, every upward-facing horizontal patch projects onto the
7 X Tbase without overlap, giving 49. Viewed from below, the sameis true, giving
another49.

The total surface areais 560 + 49 + 49 = 658.

Thus, Bis the correct answer.



8. Whatisthe median of the following list of 4040 numbers?

1,2,3,...,2020,12,22 32 ... 2020

A | 19745
B  1975.5
c 1976.5
D | 1977.5
E 1978.5
Solution:

The medianis the average of the 2020th and 2021st smallest values.

The perfect squares that are at most 2020 are 12, . . ., 442 (since 44% = 1936 and
452 = 2025), so there are 44 of them.

Among thelist, the numbers < 1976 are the 1976 integers 1, ..., 1976 together with
those 44 squares, totaling 1976 + 44 = 2020.

Thus the 2020th value is 1976 and the 2021st value is 1977, making the median
1 1
976; ot = 1976.5.

Thus, Cis the correct answer.




x
9. How many solutions does the equationtan(2z) = cos (5) have on theinterval

[0, 27]?

A 1

B 2

c 3

D 4

E 5
Solution:

On [0, 27|, the graph of cos (”2—”) is a single arc decreasing from 1 downto —1.

T 3w 5w Tw

The function tan(2z) has period 7 with vertical asymptotesatz = 7, 5, °F, 7.
These split the interval into five branches. On every branch tan(2x) is strictly
increasing, while cos( 5 ) is decreasing, so there is at most one intersection per branch.

Each of the three interior branches runs from —oo to +00, so each has one
intersection. On the first branch, tan(0) = 0 < 1 = cos(0) and the tangent tends to
+00.Onthelast, the tangent startsat —ooandendsat(0 > —1 = cos 7. Thus the two
outerbranches also have one intersection each, for 5 total.

Thus, Eis the correct answer.



10. Thereis aunique positive integern such that

log,(log,s n) = log,(log, n).

What is the sum of the digits of n?

A 4

B 7

c 8

D 11

E 13
Solution:

Sincelog;an = % log, n,sety = log, n. The equation becomeslog, (%) =
log,y = % log, y.

Multiplying by 2 gives log, (%)2 = log, y, so (%)2 = y, whichyieldsy = 4.
Thenlog, n = 4,son = 4* = 256, and the digitsumis2 + 5 + 6 = 13.

Thus, Eis the correct answer.



1. Afrogsitting at the point (1, 2) begins a sequence of jumps, where each jump is
parallel to one of the coordinate axes and has length 1, and the direction of each jump
(up, down, right, orleft) is chosenindependently atrandom. The sequence ends when
the frog reaches a side of the square with vertices (0, 0), (0, 4), (4,4),and (4, 0).
Whatis the probability that the sequence of jumps ends on a vertical side of the
square?

oo | 3 >~ w Wl N co| ot DN |

Solution:

Let P(z, y) be the probability of ending on avertical side. On a vertical side P = 1, on
ahorizontal side P = 0, and at aninterior point P is the average of its four neighbors.

By left-right symmetry P(2,2) = §.Leta = P(1,2),b = P(1,1) = P(1,3),and
c=P(2,1) = P(2,3).Then

a=3(1+142b),b=%(1+c+a)andc=7(2b+1).
Substituting givesb = %,hencea = % + %b = %.

Thus, Bis the correct answer.



12. Line Zinthe coordinate plane has the equation 3x — 5y + 40 = 0. Thisline is rotated
45° counterclockwise about the point (20, 20) to obtainline k. What is the -
coordinate of the z-intercept of line k?

A 10
B 15
c 20
D 25
E 30
Solution:

Note (20, 20) satisfies 3z — by + 40 = 0, soitison £ andremains on k. The slope of £

is %
| | 341
Rotating by 45° gives slope 3=

5
Linekisy — 20 = 4(z — 20). Settingy = 0gives —20 = 4(z — 20),sox — 20 =
—5andz = 15.

= 4.

wuN|oti oo

Thus, Bis the correct answer.



13. There areintegers a, b, and c, each greater than 1, such that

NV NvVN = YN

forall N > 1.Whatisb?

A 2
B 3
C 4
D 5
E 6
Solution:
, . 1 1 1 , 25
The left side equals N raised to the exponent — + — 4+ ——, whichmust equal —.
a ab abc 36
. . 7 w 25
Because b, ¢ > 2, thisexponentisatmost —.Ifa > 3,itisatmost — < —,soa =
1 7 4a 12 36
2.Th tionb — + — = —.
e equationbecomes T + 5be 36

Clearing denominators gives ¢(7b — 18) = 18.Setd = 7b — 18, so dis a positive
divisorof 18. Among 1,2, 3,6,9, 18,onlyd = 3makesb =
b= 3andc = 6.

aninteger. Hence

Thus, Bis the correct answer.



14. Regularoctagon ABC D EFGH has arean. Let m be the area of quadrilateral
m
ACEG.Whatis —7

n
A V2
4
s V2
2
3
C —_
4
o 3V2
5
E _2\@
3
Solution:

The fourvertices A, C, E/, G form asquare, since they are every other vertex of the
regularoctagon.

Taking a unit circumradius, the octagon’s areais 24/2 and the square ACEG has
diagonal equal to the circle’s diameter, giving area 2.

2 1 42
2v2 V2 2

Thus, Bis the correct answer.

Theratiois



15. Inthe complexplane, let A be the set of solutions to z> — 8 = 0 and let B be the set
of solutions to 2% — 822 — 8z + 64 = 0. What s the greatest distance between a

point of A and apoint of B?
A 2V3
B | 6
c 9
D 2+v21
E 9++3
Solution:

The set A consists of the cube roots of 8 : 2, —1 + iv/3,and —1 — iv/3.

Factoring by grouping, 23 — 822 — 82 + 64= 2%(2 — 8) — 8(2 — 8) = (2 —
8)(z2 — 8),50 B = {8,2+v/2, —2+/2}, allreal.

The greatest distanceis from —1 £ i1/3t0 8 : \/(8 —(-1))2+ (v/3)>=+81+3
= /84 = 24/21.

Thus, Dis the correct answer.




16. Apointischosenatrandom within the square inthe coordinate plane whose vertices
are (0, 0), (2020, 0), (2020, 2020), and (0, 2020). The probability that the point is
within d units of a lattice point s % (Apoint (z,y) is alattice pointif  and y are both
integers.) What is d to the nearest tenth?

A 0.3
B 04
c 0.5
D 0.6
E 0.7
Solution:

By periodicity it suffices to consider one unit cell with a lattice point at each corner.
The region within d of a corner consists of four quarter-disks of radius d, forming one
full disk of area d?. The resulting value will be less than %, so these quarter-disks do
not overlap.

1
Settingmd® = 1 givesd = {/ — = 0.399.
21

To the nearest tenth,d = 0.4.

Thus, Bis the correct answer.



17. The vertices of a quadrilateral lie on the graph of y = In x, and the x-coordinates of
91
these vertices are consecutive positive integers. The area of the quadrilateral is In 90"

What is the £-coordinate of the leftmost vertex?

A 6

B 7

c 10

D 12

E 13
Solution:

Let the vertices have z-coordinatesn,n + 1,n + 2, n + 3 withy-coordinates In of

those values. Applying the shoelace formula and simplifying, the areais
(n+1)(n+2)

1
N n(n + 3)
- (n+1)(n+2) 91 . 2 91 9
Sett = — 14+ —— = —, 3n = 180.
etting n(n + 3) 90 gives +n2+3n 90 son® + an

Then (n — 12)(n + 15) = 0,son = 12.

Thus, Dis the correct answer.



18. Quadrilateral ABC'D satisfies /ABC = ZACD = 90°, AC = 20,andC'D = 30.
Diagonals AC and BD intersect atpoint £, and AE = 5. What is the area of
quadrilateral ABC D?

A 330
B 340
c 350
D 360
E 370
Solution:

Place A = (0,0) and C' = (20, 0). Since LZACD = 90°, D = (20, 30),and E =
(5,0) because AE = 5.

Since ZABC = 90°, B lies on the circle of radius 10 centered at (10, 0). Line DE'is
(5 + t, 2t); substituting givest? — 2t — 15 = 0,sot = 5ort = —3.

For E'tolie between B and D, taket = —3, giving B = (2, —6), adistance 6 below
line AC.

Then[ACD] = 3 - 20 - 30 = 300and [ABC] = 3 - 20 - 6 = 60, so the total areaiis
360.

Thus, Dis the correct answer.



19. There exists a unique strictly increasing sequence of nonnegative integersa; < as <
-+ < ag suchthat

2221879—3 = 2% 429 ... 4 2%,
Whatis k7
A 117
B 136
c 137
D 273
E 306
Solution:

217 11 41
16

sumofthe 17powersz?, 2!, ..., x

Letz = 2'7.Then =% — 2% 4 ... — 2 4 1,analternating

m+1 _ ,.m

Pair each subtracted power with the added powerjust aboveiit: T =
21T (217 — 1) = 21Tm 4 217Tm+1 4 ... 4 21TmH16 5 block of 17 consecutive powers
of 2.

There are 8 such pairs, together with the leftover 4+-2°. The blocks occupy disjoint
ranges, so the total number of powersis8 - 17 + 1 = 137.

Thus, Cis the correct answer.



20. Let T be the triangle in the coordinate plane with vertices (0, 0), (4, 0),and (0, 3).
Consider the following five isometries (rigid transformations) of the plane: rotations of
90°,180°, and 270° counterclockwise around the origin, reflection across the x-axis,
andreflection across the y-axis. How many of the 125 sequences of three of these
transformations (not necessarily distinct) will return 1" to its original position? (For
example, a 180° rotation, followed by areflection across the z-axis, followed by a
reflection across the y-axis will return 1" to its original position, but a 90° rotation,
followed by areflection across the x-axis, followed by anotherreflection across the x
-axis will not return " to its original position.)

A 12
B 15
c 17
D 20
E 25
Solution:

Because T'is a scalene right triangle, the only isometry carrying T' toitself is the
identity, so a sequence works exactly when the three transformations compose to the
identity.

Letr be the 90° rotation and s reflection across the x-axis. The five allowed maps are
r,r2, 13, s, r%s; the missing nonidentity maps are the diagonal reflections s, r3s. In
anordered triple, the third map is forced by the first two and is allowed precisely when

their productis one of the five.

Exactly 5 ordered pairs have productidentity: each first map is paired withits inverse.
A diagonalreflectionrequires one rotation and one axis reflection; r or 73 may be
paired on either side with s orr?s, giving2 - 2 - 2 = 8 pairs. Theremaining25 — 5 —
8 = 12 ordered pairs give valid sequences.

Thus, Ais the correct answer.



21. How many positive integers n are there such that nis a multiple of 5, and the least
common multiple of 5! and n equals 5 times the greatest common divisor of 10! and

n?
A 12
B 24
c 36
D 48
E 72
Solution:
Writen = 223%5¢7¢ ... . Since 5! = 23 - 3 - 5 has no other primes, 1. can only involve

2,3, 5, 7.Matching exponentsinlem(5!,n) = 5 - gcd(10!, n) :

For2 :max(3,a) = min(8,a),s03 < a < 8givesbvalues. For3 :max(1,b) =
min(4,b),s0l < b < 4gives4values.

For5 :max(1,c) = 1 + min(2, ¢) withc > 1, whichforcesc = 3, giving 1 value. For
7 :max(0,d) = min(1, d),sod = 0or1, giving 2 values.

Thetotalis6-4-1-2 = 48.

Thus, Dis the correct answer.



22. Let (a,) and (b,,) be the sequences of real numbers such that
(241)" = a, + byt
forallintegersn > 0,where? = y/—1.Whatis

> b

n=0

3
A —
8
7
B -
16
1
C —_
2
9
D —_
16
c 4
7
Solution:

Since (an, + byi)? = a2 — b2 + 2a,byi, we have apb, = 3 Im ((2+1)™)
5 Im ((3 +4i)").

 (3+4i\"
1 _ 1 1
Therefore the sumis 5 Im E < 7 ) = 2Im(1—#)‘
n=>0

4+ 43 28 7
Thisequals%lm( ’ ):%Im(u>:%-—:—.

4 — 41 32

Thus, Bis the correct answer.



23. Jasonrolls three fair standard six-sided dice. Then he looks at the rolls and chooses a
subset of the dice (possibly empty, possibly all three dice) to reroll. Afterrerolling, he
wins if and only if the sum of the numbers face up on the three dice is exactly 7. Jason
always plays to optimize his chances of winning. What is the probability that he
choosestoreroll exactly two of the dice?

7
A —_
36
5%
B —
24
2
C —
9
17
D —_
72
1
E —
4
Solution:

Rerolling one die, keeping two dice that sum to s, wins with probability % whens < 6
and 0 otherwise. Rerolling two dice, keeping a die of value v, wins with probability
equal to the number of ways two dice sumto 7 — v, over 36; thisis largest when v is
smallest. Forv = 1, 2, 3, these probabilities are 2 a3 all greater than thereroll-

367 367 36°
all probability 52 = 2 forv > 4, rerolling allis better.

Rerolling exactly two dice is strictly best precisely when the two smallest dice sumto
atleast 7 (sorerolling one cannot reach 7) while the smallest dieis 1, 2, or 3 (so
keepingit beatsrerolling all three).

Sorttherollasu < v < w.Ifu = 1,the only possibilityis (1, 6, 6), with 3 orderings. If
u = 2,the possibilities (2, 5, 5), (2, 5, 6), (2,6,6) have 3 + 6 + 3 = 12 orderings. If
u = 3, choose v, w with repetition from {4, 5, 6}; the six resulting triples have 3 +

6 +6-+ 3+ 6+ 3= 27orderings. Thusthereare 3 + 12 4+ 27 = 42 qualifying

. 42 7
orderedrolls out of 216, a probability of — = —.
216 36

Thus, Ais the correct answer.



24. Suppose that AABC'is an equilateral triangle of side length s, with the property that
there is a unigue point P inside the triangle suchthat AP = 1, BP = \/g,and CP =

2. Whatis s?

A 1+42

B V7

c| 8

3

D 5+ /5

E 242
Solution:

Apoint atdistances p, q, r from the vertices of an equilateral triangle of side s satisfies
Withp? = 1,¢% = 3,72 = 4,letting S = s2gives 3(26 + S?) = (8 + S)%,50 52 —
85 +7=0andS =1lorS ="1.

Atriangle of side 1 cannot contain a point at distance 2 fromavertex,so .S = 7 and
s = \/7

Thus, Bis the correct answer.



25. The numbera = P ,where p and q are relatively prime positive integers, has the

property that the sum of all real numbers x satisfying

2] {z} =a-2’

is 420, where |z | denotes the greatestintegerlessthanorequaltoxand {z} = = —
| 2 | denotes the fractional part of z. Whatisp + q7

A 245
B 593
c 929
D 1331
E 1332
Solution:

There are no negative solutions, while ¢ = 0is always a solution.Forn > landx €
[n,n + 1),puty = £.The equationbecomesay® — y + 1 = 0. ltsroots must be
real,so0 < a < l

If the tworoots are a < 3, their sum and productare both £, so (o — 1)(8 — 1) = 1.
Write

1
a=1+—, B=14+u
u

u
withu > 1.Thena = wrie .Therootx = naliesin[n,n + 1) exactlywhenn <
u+

u, while n3 never lies there for a positive integer n.

The required positive total ensuresu > 1. Let N be the largest positive integer less
thanu,so N < u < N + 1. The sum of all solutions is therefore

u+1 N(N+1)

= 420.
U 2 0




+1
U

U
Because decreases with u, these inequalities imply

N +1)2

NOVE) _ (N HLF

which forces N = 28.

u—+1 29 29
Substituti [ 406 - —— = 420, = 29.H = — = —.Indeed
ubstitution gives X! encea 30 900 ndee

the positive solutionsare z = 2_971 forl < n < 28, andtheirsumis 420. Therefore
p+q =29+ 900 = 929.

Thus, Cisthe correct answer.

Problems: https://live.poshenloh.com/past-contests/amcl12/2020A
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1. Whatisthe valuein simplest form of the following expression?

V1i+vV1+3+v/1+3+5
+vV1+3+5+7

A5
B 4++/7++10
c 10
D 15

E 4+43vV3+2V5+V7

Solution:

The sum of the first k odd numbers equals kz, soeachradicandis a perfect square:

V1+Va++v9+16
—14+2+3+4=10.

Thus, the correct answeris C.



2. Whatisthe value of the following expression?

100 — 72 (70 — 11)(70 + 11)
702 — 112 (100 — 7)(100 + 7)

A 1
9951

B —_
9950
4780

C —_
4779
108

D _
107
81

E —_
80

Solution:

Using the difference of squares, 1002 — 72 = (100 — 7)(100 + 7) and 70* — 112 =
(70 — 11)(70 + 11). The expression becomes

(100 — 7)(100 + 7)

(70 — 11)(70 + 11)
(70 — 11)(70 + 11)
(100 — 7)(100 + 7)

Thus, the correct answeris A.



3. Theratioofwtoxis4 : 3,theratioofytozis3 : 2,andtheratioof ztoxis1 : 6. What
is the ratio of wto y?

A 4:3
B 3:2
c  8:3
D 4:1
E 16:3
Solution:

Wik

Fromw :x =4:3,wegetw =

Letz =6.Fromz:xz =1:6,wegetz = o
3
2.

1
6:8.Fromy:z:3:2,wegety:%-1

Thereforew : y = 8 : g =16: 3.

Thus, the correct answerisE.



4. Theacute angles of aright triangle are a® and b°, where a > band botha andbare
prime numbers. What is the least possible value of b?

A 2

B | 3

cC 5

D 7

E 11
Solution:

Since the angles are complementary, a + b = 90. To minimize b, try small primes and
require 90 — bto be prime as well.

Forb = 2,3, 5,thevalue 90 — b = 88, 87,85 isnotprime. Forb = 7,we get 90 —
7 = 83, whichis prime. So the least possible valueisb = 7.

Thus, the correct answeris D.



5. Teams A and B are playingin a basketball league where each game results in a win for
one team and aloss for the other team. Team A has won % ofitsgamesandteam B
has won % of its games. Also, team B has won 7 more games and lost 7 more games
thanteam A. How many games has team A played?

A 21
B 27
c 42
D 48
E 63
Solution:

Let a be the number of games team A played and bthe number team B played. Team
Awins 2a andloses 3a; team B wins 2band loses 2b. The conditions give

3
Sb=2a+7
and
%b = %a + 7
Subtracting the equations gives ib = %a, sob = %a. Substituting into the loss
equation: % . %a = %a + 7,i.e. %a = %a + 7,s0 %a = 7anda = 42.

Thus, the correct answeris C.



6. Forallintegersn > 9, the value of

(n+2)!—(n+1)!
n!

is always which of the following?

A | amultiple of 4

B | amultipleof 10
C aprime number
D aperfect square
E aperfect cube

Solution:
Factor (n + 1)! from the numerator:
(n+2)!—(n+1)!
= (n+1)! [(n+2) —1]
=n+1)!(n+1).

(n+ 1! (n+1)
n!

Dividing by n! leaves =(n+1)(n+1)= (n+ 1)2, whichis
always a perfect square.

Thus, the correct answeris D.



7. Twononhorizontal, non-vertical lines in the xy-coordinate plane intersecttoforma
45° angle. Oneline has slope equal to 6 times the slope of the otherline. What is the
greatest possible value of the product of the slopes of the two lines?

A 1
6
2
B —_
3
3
C _
2
D 3
E 6
Solution:

Let the slopes be m and 6m. The angle between the lines satisfies

\6’”_—’” — tand5° = 1,

1+ 6m?2

sobm = (1 + 6m?),giving6bm? —5m +1 = 0or6m? +5m + 1 = 0.

The firstyieldsm = % orm = %; the secondyields the negatives of these. The

product of the slopesis 6m?, whichis largest whenm = %,givingﬁ- 411 = %

Thus, the correct answeris C.



8. How many ordered pairs of integers (z, y) satisfy the equation

2172020 4 y2 — 23/‘?

A1

B 2

c 3

D 4

E infinitely many
Solution:

Completing the square gives 22020 + (y — 1)2 = 1. Bothterms are nonnegative, so
x20%0 < 1, forcingz € {—1,0,1}.

Ifz = 0,then(y — 1)® = 1,givingy = Oory = 2.I1fz = +1,thenz** = 1,s0
(y — 1)> = 0andy = 1.Thessolutions are (0, 0), (0,2), (1,1),and (—1, 1) — fourin
all.

Thus, the correct answeris D.



9. Athree-quartersector of acircle of radius 4 inches together withits interior can be
rolled up to form the lateral surface of aright circular cone by taping together along
the two radii shown. What is the volume of the cone in cubic inches?

A 3m/5
B 47/3
c 3m/7
D 67/3
E 67/ 7

Solution:

The sector'sarclengthis % - 21 - 4 = 6, whichbecomes the base circumference:
21r = 6m,sor = 3.

The slant height is the sectorradius 4, so the heightis b = v/42 — 32 = /7. The

volumeis

1 1
§7TT'2h: §7r-9-\f7=37r\f7.

Thus, the correct answeris C.



10. Inunitsquare ABC D, the inscribed circle w intersects C'D at M, and AM intersects
w at apoint P different from M. Whatis AP?

NS
12
g V5
10
c V5
9
b | V5
8
E _2\/3
15
Solution:

Let A = (0,0),B = (1,0),C = (1,1),D

(0,1).Theinscribed circle has center

(1, 1) andradius £, touchingCDat M = (1, 1) :
Line AM isy = 2x. Substitutinginto (:c — %)2 + (y — %)2 = %lgives 202 — 12z +
1 = 0,withrootsz = 1 2 (point M) and z = % (point P).
1\2 _ /5
SoP = (&, 1) and AP =/ ()" + (1) = 5.

Thus, the correct answeris B.



11. Asshowninthe figure below, six semicircleslie in the interior of aregularhexagon with
side length 2 so that the diameters of the semicircles coincide with the sides of the
hexagon. What is the area of the shaded region—inside the hexagon but outside all of
the semicircles?

A | 6+43—37m
s V3
2
C 3_\/3 T
2 3
D 3v3 -
e | V3
2
Solution:

The hexagon has area 3—‘2@ - 22 = 6+/3. Each semicircle hasradius 1 and area 5
totaling 3.

Adjacent semicircle centers (side midpoints) are a distance \/§apart, soeach

adjacent pairoverlapsinalens ofarea2cos™! <£> _ V3 _ T ?.There are six

2 2 ~ 3
suchlenses.

The union of the semicirclesis

T /3
37T_6<§_7> =7+ 3v/3.



12.

Subtracting from the hexagon gives the shaded area 6+/3 — (m + 3v3) =33 — .

Thus, the correct answeris D.

Let AB be adiameterin a circle of radius 5\/5. Let C'D be achordinthe circle that
intersects AB atapoint E suchthat BE = 24/5and ZAEC = 45°. Whatis CE? +
DE??

A 96

B | 98

c 4445

D | 70V2

E 100
Solution:

Place the center at the origin with AB on the z-axis; the radiusis R = 5v/2,so0 R? =
50.Then E = (zp,0)withzg = R — 2+/5 (its exact value is not needed).

Parametrize the chordas F/ + ¢ (%, %) . Substitutinginto 2% 4 y? = 50 gives > +
V2xpt+ (902E — 50) = 0, whose roots are the signed distances t, to to C and D.

By Vieta, t; + to = —v/2xgandtity = 5’3129 — 50, so
CE®> + DE* =t + 12
= (t1 + t2)2 — 2t1t2
= 2% — 2(2% — 50)
= 100.

Thus, the correct answerisE.



13. Which of the following is the value of \/log2 6 + log; 67

A1

B y/log; 6

c | 2

D /logy 3 + /logy 2

E log, 6 + \/@
Solution:

Leta = log, 3,s0logy 2 = i.Then

log, 6 + log, 6
= (1 +log, 3)
+ (1 + logs 2)

1
=2+a+—.
a

2
Meanwhile ( log, 3 + 4/logs 2) =a+ % + 24/a - %: a+ % + 2, which equals
the expression above.

Taking square roots, 1/log, 6 + logs 6 = +/log, 3 + +/logs 2.

Thus, the correct answeris D.




14. Bela and Jenn play the following game on the closed interval [0, n] of the real number
line, where n is a fixed integer greater than 4. They take turns playing, with Bela going
first. At his first turn, Bela chooses any real number in the interval [0, n]. Thereafter, the

playerwhose turnitis chooses areal numberthatis more than one unit away from all
numbers previously chosen by either player. A player unable to choose such a number
loses. Using optimal strategy, which player will win the game?

A Bela will always win.
B Jenn will always win.
C Belawillwinif and only if nis odd.
D Jennwillwinif and only if nis odd.

E  Jennwillwinifandonlyifn > 8.

Solution:

Bela first plays the midpoint 7—21 This choice makes the configuration symmetric about
the center of the interval.

Thereafter, whenever Jenn picks a number x, Belaresponds withits mirrorimagen —
z. Since Bela has already chosen 7, Jenn'slegal move satisfies ‘a: — %| > 1.
Therefore |z — (n — z)| = 2|z — 2| > 2,soBela’sresponse s far enough from
Jenn’s new point. Symmetry shows that itis also far enough from every earlier point.
Thus Bela always has a move whenever Jenn does, so Jennis the first to be stuck. Bela
always wins.

Thus, the correct answeris A.



15. There are 10 people standing equally spaced around a circle. Each person knows
exactly 3 of the other9 people: the 2 people standing next to her or him, as well as the
persondirectly across the circle. How many ways are there for the 10 people to split
up into 5 pairs so that the members of each pairknow each other?

A 11
B 12
c 13
D 14
E 15
Solution:

Label the people 0 through 9. Allowed pairings use neighbor edges (%, + 1) or
diameter edges (¢, ¢ + 5). Count perfect matchings by the number of diameter
edgesused.

Using no diameters, the ten people splitinto adjacent pairsin 2 ways (all “even” edges
orall “odd” edges). Using exactly one diameter, choose it in 5 ways; the remaining two
arcs of four people each pair up uniquely, giving 5. Using all five diameters gives 1
matching.

If at least one diameteris used, following the forced adjacent pairings around the
circle shows that the number of diameters must be odd. With exactly three diameters,
the fourremaining people must be two opposite adjacent pairs. The position of one

such opposite pair determines the matching, giving 5 possibilities. Hence the total is
24+54+5+1=13.

Thus, the correct answeris C.



16. Anurn contains one red ball and one blue ball. Abox of extrared and blue balls lies
nearby. George performs the following operation four times: he draws a ball from the
urn atrandom and then takes a ball of the same color from the box and returns those
two matching balls to the urn. After the fouriterations the urn contains six balls. What is
the probability that the urn contains three balls of each color?

1
A —_
6
1
B —_
5
1
C _
4
5 1
3
c 1
2
Solution:

To end with three of each color, exactly two of the four added balls must be red.
Consider any sequence of draws. When the urn holds k balls, drawing a particular
colorwith count chas probability %

Any ordering with two red and two blue additions gives the same product éjgj}ljg ,and

there are (‘21) = 6 such orderings, for probability % = %.(Equivalently,the number of
red balls after four stepsis uniformon {1, 2, 3,4, 5}, so 3 red occurs with probability

1

=)

5

Thus, the correct answeris B.




17. How many polynomials of the form z® + ax* + bx® + cz? + dz +2020, where a, b, c,

.  —141i/3
and d are real numbers, have the property that wheneverris aroot, sois —— -

r? (Notethati = /—1.)

A0
B 1
c 2
D 3
E 4
Solution:
Herew = _1+T“/§ is a primitive cube root of unity. Since O is not aroot, the set of

distinctroots s closed under multiplication by w, so it consists of triples {r, wr, w2r}
equally spacedin argument. Five roots cannot fill two such triples, so there is exactly
one triple, with multiplicities m1, ma, mg > 1 summingto 5.

Real coefficients require the root multiset to be closed under conjugation. Thisis
possible only when the triple’s arguments are symmetric about the real axis, which
happens for the two configurations {0°, 120°, 240° } and {60°, 180°, 300°}.

The product of the roots must equal —2020. In the first configuration the real root is
positive, forcing a positive product, whichisimpossible. In the second, the realrootis
negative and the productis —p°; setting p° = 2020 works, and the two conjugate-
symmetric multiplicity patterns (1, 3, 1) and (2, 1, 2) each give a valid polynomial.
Hence there are 2.

Thus, the correct answeris C.



18. Insquare ABC D, points E'and H lieon AB and D A, respectively,sothat AE =
AH . Points F and G lie on BC and C'D, respectively, and points I and J lieon EH so
that FI 1. EH andGJ 1 EH.Seethe figure below. Triangle AE H, quadrilateral
BFIE, quadrilateral DHJG, and pentagon FCGJ I eachhas area 1. Whatis F'12?

D, e

7
A —_
3
B 8—4v2
c 1++2
7
D —1/2
4
E 22
Solution:

The fourregions have total area 4, so the square has side 2. Put A = (0,0), B =
(2,0),C = (2,2),D = (0,2).Since AAEH is anisosceles right triangle with area 1,
weget AE = AH = +/2,50F = (v/2,0)and H = (0,v/2).Line EHisz +y =
V2.

Let F' = (2, t). Its perpendicular distance toline EH is F I = 2Jri/_i‘/ﬁ.Writes =

% = #,so the foot of the perpendicularis I = (2 — s,t — s).The shoelace
formulaon B = (2,0), F,I,and E = (1/2,0) gives [BFIE] = s? — (3 — 2v/2).

Sincethisareais 1, we gets? = 4 — 24/2.
Then FI% = 252 = 8 — 44/2.

Thus, the correct answeris B.






19. Square ABC D inthe coordinate plane has vertices at the points A(1,1), B(—1, 1),
C(—1,—1),and D(1, —1). Consider the following four transformations:

L, arotation of 90° counterclockwise around the origin;
R, arotation of 90° clockwise around the origin;

H, areflection across the x-axis; and

V', areflection across the y-axis.

Each of these transformations maps the square onto itself, but the positions of the
labeled vertices will change. For example, applying R and then V would send the
vertex Aat (1,1)to(—1,—1) and would send the vertex B at (—1, 1) toitself. How
many sequences of 20 transformations chosen from { L, R, H, V } will send all of the
labeled vertices back to their original positions? (Forexample, R, R, V', H isone
sequence of 4 transformations that will send the vertices back to their original

positions.)
B 3.236
D 3.2
Solution:

Label the vertices 0, 1, 2, 3 cyclically. Each allowed transformation has the form j —
ej + 6 (mod 4),wheree € {1,—1}and§ € {1, —1}.These fourchoices give
exactly the two quarter-turns and the two stated reflections.

Under composition, the parity of d changes at every move. Thus a composition of 19
allowed transformations again has odd §, and so is one of the four allowed
transformations. Itsinverse is also allowed. Consequently every sequence of the first
19 moves has exactly one choice for the final move, giving 41? = 238 successful
sequences.



20.

Thus, the correct answeris C.

Two different cubes of the same size are to be painted, with the color of each face
being chosenindependently and at random to be either black or white. What is the
probability that after they are painted, the cubes can be rotated to be identicalin
appearance?

9
A —_
04
289
B —_
2048
73
C —_
512
5 147
1024
589
E —_—
4096
Solution:

For a fixed first cube, the number of second cubes matchingit (up to rotation) equals
the size of its rotation orbit. So the desired probability is gz > 1. (orbit size)?.

orbits

Grouping by black-face count, the orbit sizes are: 0 or 6 black — 1; 1 or 5 black — 6;
2 or4black — 3 (opposite) and 12 (adjacent); 3 black — 8 (corner) and 12 (band).
Then

Z(orbit size)?
=1+36+ (94 144)
+ (64 + 144) + (9 + 144)
+ 36 + 1 = 588.

i 588 147
The probability is 7756 = 1557

Thus, the correct answerisD.



21. How many positive integers n satisfy

n + 1000
- - ?

(Recall that | x | is the greatest integer not exceeding x.)

A 2

B 4

cC 6

D 30

E 32
Solution:

Theright sideisaninteger,soletk = |/n].Thenn = 70k — 1000,and k = [/n|
requiresk? < n < (k + 1)2

The lower bound k? < 70k — 1000 gives k? — 70k + 1000 < 0,i.e.20 < k < 50.
The upperbound 70k — 1000 < (k + 1) gives k? — 68k + 1001 > 0,i.e.k < 21or
k > 47.

Intersecting, k € {20, 21,47,48, 49,50}, giving 6 values of n.

Thus, the correct answeris C.



22. Whatis the maximum value of

(28 — 3t) ¢
At
forrealvalues of t7
1
A N
16
1
B N
15
1
C -
12
1
D N
10
1
E —
9
Solution:
| (@ =8t ot 3t ot
Splitthe fraction: Y T w Letu = i,so YR u” andthe

expressionisu — 3u?.

- : — 1 i 1 _o9 1 _ 1 g — 1
This parabolahas maximumatu = 3, withvalue g — 3 - 3z = 75.Sinceu = g7 is

continuous and attains the value % , the maximum is achieved.

Thus, the correct answeris C.



23. How many integersn > 2 are there such that whenever 21, 29, . . . , 2, are complex
numbers such that

21| = |z2| = - = |z =1
and
Z1+Z2+'°°+zn:()7

thenthe numbers 21, 29, . . . , 2, are equally spaced on the unit circle in the complex
plane?

A 1

Solution:

Forn = 2,21 + 29 = Oforces z9 = —21, whichis equally spaced. Forn = 3, three
unit vectors summing to zero must form an equilateral triangle, so they are equally
spaced.

Foreveryevenn > 4, choose % antipodal pairs at generic angles thatdo not forma
regularn-gon. Forevery oddn > 5, choose the vertices of an equilateral triangle
togetherwith ”773 generic antipodal pairs. Each construction has sum 0 but is not
equally spaced.

Henceonlyn = 2andn = 3 work, giving 2 values.

Thus, the correct answeris B.



24. Let D(n) denote the number of ways of writing the positive integer n as a product

n=fi-fo - fr,

where k > 1, the f; are integers strictly greater than 1, and the order in which the

factors are listed matters (that is, two representations that differ only in the order of
the factors are counted as distinct). For example, the number 6 can be writtenas 6, 2 -
3,and3 - 2,s0D(6) = 3. Whatis D(96)7

A 112
B 128
C 144
D 172
E 184
Solution:

The first factor f; canbe any divisord > 1, after which the restis an ordered
factorizationof 7.So D(n) = >4, 4o D(7),withD(1) = 1.

Computing over the divisors of 96 = 2° - 3 : D(2) = D(3) = 1,D(4) = 2,D(6) =
3,D(8) =4,D(12) = 8,D(16) = 8,D(24) = 20,D(32) = 16, D(48) = 48.
Finally

D(96) = D(48) + D(32)
+ D(24) + D(16) + D(12)
+ D(8) + D(6) + D(4)
+ D(3)+ D(2) + D(1)
=48 +16+20+ 8
+8+4+4+3+2
+14+1+4+1=112.

Thus, the correct answeris A.



25. Foreachrealnumberawith0 < a < 1, let numbers  and y be chosenindependently
atrandom from the intervals [0, a] and [0, 1], respectively, andlet P(a) be the
probability that

sin®(7z) + sin®(7y) > 1.

What is the maximum value of P(a)?

C
4
D V61
2
5
E —
8
Solution:

Since sin?(my) = 1 — cos?(my), the conditionis | sin 7| > | cos 7y|. Forfixed z,
the probability overy € [0, 1]is g(z) = 2z for0 < z < 3 andg(z) = 2 — 2z for
1<z <1

Then P(a) = % [ g(x) dz.Fora < 1, P(a) = a,increasingto .Fora > £,
2a — a® — 1
P(a) = 2
(@) = 2
1
=2—-—a— —.
2a

. . . . 2 1 1 . .
Setting the derivative to zero gives 2a* = 1,so0a = %,andP(%) =2 — /2.

Thus, the correct answeris B.



Problems: https://live.poshenloh.com/past-contests/amc12/2020B
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