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1. Definezx { ytobe |z — y|forallrealnumbers z and y. What is the value of

(10 (263)-((162)$3)?

A -2

B —1

c 0

D 1

E 2
Solution:

Working from the innermost operations outward gives

16 (203)=[1-12-3|[=0,
(152)03=|1-2/-3=2.

Therefore, the given differenceis0 — 2 = —2.

Thus, the answerisA.



2. Inthombus ABC D, point P liesonsegment AD sothat BP 1. AD, AP = 3,and
PD = 2.Whatisthe areaof ABCD?

B C
O
A P D
A | 345
B 10
c 65
D 20
E 25
Solution:

Since ABC D is arhombus,
AB = AD = AP + PD = 5.

Right triangle ABP then gives

BP =/ AB? — AP?
— /25 -9 —4.

Thus the rhombus has base AD = 5andheight BP = 4,soitsareaisb - 4 = 20.

Thus, the answerisD.



3. How many three-digit positive integers have an odd number of even digits?

A 150
B 250
c 350
D 450
E 550
Solution:

Thereare 9 - 10 = 90 choices for the hundreds and tens digits. Once those two digits
are fixed, the units digit must have whichever parity makes the total number of even
digits odd. There are always 5 digits of the required parity (including 0 among the even
digits).

Therefore, the number of integersis 90 - 5 = 450.

Thus, the answerisD.



4. Adonkey suffers an attack of hiccups and the first hiccup happensat4 : 00 one
afternoon. Suppose that the donkey hiccups regularly every 5 seconds. At what time
does the donkey’s 700th hiccup occur?

A  15secondsafter4 : 58
B = 20secondsafter4 : 58
C | 25secondsafter4 : 58
D  30secondsafter4 : 58

E 35 seconds after4 : 58

Solution:

Since we want to look at the 700th hiccup, we need to look at time that is 699 hiccups
afterthe first one.

This would be 699 - 5 = 3495 seconds. Note that 3495 = 60 - 58 + 15, so the time
would be 58 minutes and 15 seconds after the first hiccup. This would therefore be 4 :
58 and 15 seconds.

Thus, the answerisA.



5. Whatisthe value of

A V3

B 2

c 415

D 4

E V105
Solution:

Let the given positive expression be E. Squaringitand using1 — 1% =(1- Il))(l +

1\ _.
5) gives

1+ 2
2 _ p
E° = T
p<{3,5,7} p
4
_168_4
2 4 6

Hence F = 2.

Thus, the answerisB.



6. How many of the first ten numbers of the sequence
121,11211,1112111,...

are prime numbers?

A O

B 1

c | 2

D 3

E 4
Solution:

We claim that none of these numbers can ever be prime.

We prove this claim by noticing that the nth numberis
2n n
> 10F 410 =) 100+
k=0 k=0
2n n n
Y 10F =) 108+ ) 10%- 107
k=n k=0 k=0

= (10™ + 1)(i 10%).

This shows that the number can be written as the product of two numbers greater than
1, so there are no primes.

Thus, the answerisA.



7. Forhow many values of the constant k will the polynomial 2% + kz + 36 have two
distinctintegerroots?

A 6

B 8

C 9

D 14

E 16
Solution:

Let the rootsber, s. Expanding (z — 7)(z — s) givesz? — (r + s)x + rs.
Comparing coefficients with the given polynomial yieldsrs = 36 andr + s = —k.

Therefore, we need r and s distinct such that rs = 36. All the possible factor pairs are
+{1,36},+{2,18},+{3,12}
and
+{4,9}.

Each of these unordered pairs produces a unique value for k, so there are 8 possible
values for k.

Thus, Bis the correct answer.



8. Considerthe following 100 sets of 10 elements each:
{1,2,3,...,10},
{11,12,13,...,20},
{21,22,23,...,30},
{991, 992,993, ...,1000}.

How many of these sets contain exactly two multiples of 77

A 40
B 42
c 43
D 49
E 50
Solution:

Ablock of ten consecutive integers contains exactly two multiples of 7 precisely when
its first multiple of 7 is in one of the first three positions. Thus that multiple must have
units digit 1, 2, or 3.

The multiples of 7 with those units digits are, respectively,
21 + 707,

42 + 703,
63 -+ 705.

Foreachexpression,5 = 0,1,...,13 givesavalue atmost 1000, so each class
contributes 14 blocks. Therefore, the totalis 3 - 14 = 42.

Thus, the answerisB.



. Thesum

1 2 3 Lg 2021
20 3! 4! 2022!

canbeexpressedasa — E,where a and b are positive integers. Whatisa + b?

A 2020
B 2021
C 2022
D 2023
E 2024
Solution:

Eachtermtelescopes because

k 1 1

k+1)! K (k+1)!

Summing makes every intermediate factorial reciprocal cancel, leaving

1
2022!"

Hencea = 1,b = 2022,anda + b = 2023.

1

Thus, ouranswerisD.



10. Camila writes down five positive integers. The unique mode of these integers is 2
greater than their median, and the medianis 2 greater than their arithmetic mean. What
isthe least possible value forthe mode?

A 5
B 7
C 9
D 11
E 13
Solution:

Let the integersinincreasing orderbe a, b, ¢, d, e. The medianis ¢, and the unique
modeisc + 2.

Because the mode s larger than the median andis unique, the last two entries must
bothbec + 2,sothelistisa, b, c,c + 2,c + 2.

The meanisc — 2,s0

a+b+c+(c+2)+(c+2)
5

=c— 2.

Hencea+ b+ 3c+4 =5c— 10,s0a + b = 2¢c — 14.

To keep the mode unique, a and b must be distinct positive integers, both less than c.
Sincea + b = 2c — 14iseven, the smallest suchsumis1 4+ 3 = 4,s02c — 14 > 4,
givinge > 9.

The smallest possible mode is thereforec 4+ 2 = 11, anditis attainable with
1,3,9,11,11.

Thus, the answerisD.



11. Allthe high schoolsin alarge school district are involved in a fundraiser selling T-shirts.
Which of the choices below is logically equivalent to the statement “No school bigger
than Euclid HS sold more T-shirts than Euclid HS”?

A All schools smaller than Euclid HS sold fewer T-shirts than Euclid HS.

B No school that sold more T-shirts than Euclid HS is bigger than Euclid HS.

C All schools bigger than Euclid HS sold fewer T-shirts than Euclid HS.

D All schools that sold fewer T-shirts than Euclid HS are smaller than Euclid HS.

E All schools smaller than Euclid HS sold more T-shirts than Euclid HS.
Solution:

The statement says: if a schoolis biggerthan Euclid HS, thenit did not sellmore T-
shirts than Euclid HS. Its contrapositive is: if a school sold more T-shirts than Euclid HS,
thenitis not biggerthan Euclid HS. This is exactly choice B. Choice Cis stronger than
the original statement because it rules out a bigger school selling the same number of
T-shirts.

Thus, the answerisB.



12. A pair of fair 6-sided dice isrolled n times. What is the least value of n such that the
probability that the sum of the numbers face up onarollequals 7 at least once is

1
greater than 5?

A 2

B 3

c 4

D 5

E 6
Solution:

To compute this, we can also find the least nn such that the probability of not rollinga 7
1 1 5
isless than 3 Eachrollhas anindependent probability of 5 of getting 7, soithasa 6

probability of notlandingon 7.
5 n

Thus, the probability of none of the rolls being 7 is (E) .We must find the leastn

5" 1
suchthat | - < —.

6 2

o125 1

If n = 3, thenthe probability is %,Whlch is greater than 2

625 1
If n = 4, thenthe probability is %,which isless than §.This makes the answer 4.

Thus, the answeris C.



13. The positive difference between a pair of primes is equal to 2, and the positive
difference between the cubes of the two primesis 31106. What is the sum of the
digits of the least prime that is greater than those two primes?

A 8

B 10

C 11

D 13

E 16
Solution:

Since the primes are 2 away from each other, we can make themequaltom — 1, m +
1, where mis their average.

Then,
(m +1)% — (m — 1)* = 31106,
making
m?® +3m* +3m +1
—(m?* —3m?* +3m —1)
= 6m?* + 2 = 31106.

Therefore, m? = 5184, som = 72.

The primes are therefore 71, 73. The least prime greater than both of those is 79, and
its digit sumis 16.

Thus, the answerisE.



14. Suppose that Sisasubsetof{1,2,3,--- ,25} suchthat the sum of any two (not
necessarily distinct) elements of S is never an element of S. What is the maximum
number of elements S may contain?

A 12
B 13
C 14
D 15
E 16
Solution:

ThesetS = {13,14--- ,25} has 13 elements, and every pair has sum greater than
25, so this size is attainable.

Conversely, let m be the maximum element of S. For every element of S satisfying
i < m,the numberiandthe numberm — i cannotboth belongto S.

Thus, among the numbers below m, at most one number can be chosen from each

pairwith summ; if mis even, the middle number cannot be chosen either. Hence at

m—1 _ , _ , m—1
| elements lie below m, and including m gives at most | 5 | +1

most |
elements.
The maximum value of thishasm = 25, yielding 13.

Thus, the answerisB.



15. Let .S, be the sum of the first n terms of an arithmetic sequence that has acommon

S
difference of 2. The quotient Zin doesnotdepend onn. Whatis S2o?

Sn
A 340
B 360
c 380
D 400
E 420
Solution:

Write the nthterm as a + 2n, so the term before the first termis a. Then

i=1
=n(a+n+1).

Hence

Ssn 3(a+3n+1)
Sn at+n+1
6(a +1)

Ca+n+l

For this expression to be independent of n, its numerator 6(a + 1) in the final fraction
mustbe0.Thusa = —1.

Therefore,
Soo = 20(—1 + 20 + 1) = 400.

Thus, the answerisD.



16. The diagram below shows a rectangle with side lengths 4 and 8 and a square with side
length 5. Three vertices of the square lie on three different sides of the rectangle, as
shown. What is the area of the region inside both the square and the rectangle?

4
-
8
1
A 15—
8
B 15§
8
C 15—
5
D 15—
8
7
E 15—
8
Solution:

Label the points as shown:



B
A 3 C 4 D

Because AB = 4 and the square side BC = 5, right triangle ABC gives AC' = 3.

Also BC L. CEand A, C, D arecollinear,so ZABC = ZDCE. Theright triangles

ABC and C D E have equal hypotenuses BC = CFE = 5, so they are congruent.

ThusCD =4,DFE = 3,andEF =4 — DFE = 1.

Right triangles EFG and C D E are similar, so

EG EC 5

EF CD 4

Hence EG = %.The shadedregion BCEG is atrapezoid whose parallel sides are
BC =5and EG = %,and whose heightis the perpendicularside CE = 5.Itsareais

1 5) 125 5)

Thus, the answerisD.



17. One of the following numbersis not divisible by any prime numberless than 10. Which

isit?
A 20061
B 200641
c 20071
D 200741

E 2607 + 3607

Solution:

Use the fact thata™ — b™ is divisible by a — b.

Choice Ais 2006 — 1 = 439 _ 1 whichisdivisibleby4 — 1 = 3.

Choice Bis 266 4 1 = 4393 — (—1)303 whichis divisibleby 4 — (—1) = 5.

Choice Dis 2597 + 1. Since 269 — 1 s divisible by 3, multiplying by 2 gives 2607 — 2
divisible by 3, s0 2597 + 1 s divisible by 3.

Choice Eis 3807 4 2607 = 3607 _ (_2)607 '\whichis divisible by 3 — (—2) = 5.

For choice C, 207 — 1isodd. Also 25" = 2 (mod 3),2%7 = 3 (mod 5), and
2007 = 2 (mod 7),s02%7 — 1isnotdivisible by 3, 5,0r7.

Thus, ouransweris C.



18. Consider systems of three linear equations with unknowns x, y, and z,

aix+biy+ciz =0
asx + by +coz =0
azx +bsy+c3z =0

where each of the coefficientsis either 0 or 1 and the system has a solution other than
x =y = z = 0.Forexample, one such systemis

le+1y+0z =0
Ox+1y+1z =0
Oz +0y+0z =0

with a nonzero solution of (x,y, z) = (1, —1, 1). How many such systems of
equations are there? (The equationsin a system need not be distinct, and two systems
containing the same equationsin a different order are considered different.)

A 302
B 338
C 340
D 343
E 344
Solution:

There are 2° = 512 ordered binary coefficient matrices. Ahomogeneous system has
only the zero solution exactly whenits three row vectors are linearly independent, so
we count those matrices and subtract.

Anindependent matrix must have three distinct nonzero rows. There are
7-6-5=210

ordered choices of suchrows. Among three distinct nonzero binary vectors,
dependence occurs exactly when one is the ordinary sum of the othertwo; the two
summands must have disjoint nonempty supports.



If the sum has support of size 2, choose its two coordinates in 3 ways; its summands
are the two corresponding unit vectors. If the sum has support of size 3, choose which
one coordinate forms one summand in 3 ways, with the other two coordinates forming
the other summand. Thus there are 3 + 3 = 6 unordered dependent triples, each with
3! = 6row orders.

Hence the number of independent matricesis 210 — 6 - 6 = 174. The desired
number of singular matrices, and therefore of systems with a nonzero solution, is

512 — 174 = 338.

Thus, the answerisB.



19. Eachsquareinab x 5 gridis either filled orempty, and has up to eight adjacent
neighboring squares, where neighboring squares share eithera side oracorner. The
gridis transformed by the following rules:

e Any filled square with two or three filled neighbors remains filled.
* Any empty square with exactly three filled neighbors becomes a filled square.
e All other squares remain empty orbecome empty.

A sample transformationis shownin the figure below.

Initial Transformed

Suppose the b x 5 gridhas aborder of empty squares surroundinga 3 x 3 subgrid.
How many initial configurations will lead to a transformed grid consisting of a single
filled square in the center after a single transformation? (Rotations and reflections of
the same configuration are considered different.)

o RN

o AR —

2109212

Initial Transformed
A 14
B 18
C 22



E 30

Solution:

First suppose the centerisinitially filled. It must have exactly 2 or 3 filled neighbors to
survive. Every such neighbor already touches the center, so to disappearit cannot
touch any other filled neighbor. Checking these pairwise nonadjacent positions, the
only choices that do not also give some empty square exactly 3 filled neighbors are
two opposite corners. There are 2 such configurations.

Now suppose the centerisinitially empty. Exactly 3 of its eight neighbors must be
filled. Each of those three must disappear, so none may be adjacent to both of the
others. Also, no empty square besides the center may be adjacent to all three.
Applying these two tests gives the following four representative patterns:

Each of the first three patterns has 4 distinct rotations. The last has 4 rotations and
their4 reflected images, for 8 configurations. Thus the center-empty case contributes
4 +4+ 4+ 8 = 20,andthetotalis 20 + 2 = 22.

Thus, the answeris C.



20. Let ABC'D be arhombus with ZADC = 46°. Let E be the midpoint of CD, and let
F be the pointon BE suchthat AF is perpendicularto BE. What s the degree
measure of ZBFC'?

A 110
B 111
C 112
D 113
E 114
Solution:

Extend BE to meetline AD at G.Because AD || BC,wehave /GDE = /ECB,
and ZGED = ZBEC areverticalangles.Also DE = EC,so AGDE =~ ABCE.
Hence DG = BC = AD.

Thus D is the midpoint of AG. The circle centered at D through A also passes
throughC and G. Since AF' 1 FG,Thales’ theorem places F' on this circle as well.

Because DG is opposite DA,

/ZGDC =180° — LADC
= 134°.

The inscribed angle ZG FC subtending arc GC'is therefore 67°. Finally, B, F', GG are



collinear, so
/BFC = 180° — 67° = 113°.

Thus, the answerisD.



21. Let P(x) be a polynomial with rational coefficients such that when P(z) is divided by
the polynomial z2 + z + 1, the remainderis z + 2, and when P(z) is divided by the
polynomial 2 + 1, the remainderis 22 + 1. Thereis a unique polynomial of least
degree with these two properties. What is the sum of the squares of the coefficients
of that polynomial?

A 10
B 13
C 19
D 20
E 23
Solution:

The first remainder condition gives

P(z) = (z* + = +1)Q(z)
+ x + 2.

2

for some polynomial ). Modulo z?2 + 1,wehavez? = —1,s0

P(z) =zQ(z) + = + 2.

If Q(x) = cis constant, thisremainderis (¢ + 1)z + 2, which cannotequal 2z + 1.
Thus (Q must have degree at least 1.

Now let @(z) = ax + b. Reducingmodulo z? + 1 gives
Plz)=(b+ 1)z + (2 —a).

Matching this with 2z 4 1yieldsa = b = 1. This constructs a degree-3 polynomial,
and the failed constant case proves that degree 3 is minimal.



Therefore,

P(z)=(z+1)(z* +z +1)
+ x4+ 2
= 2% + 222 + 3z + 3.

The sum of the squares of its coefficientsis 12 + 22 + 3% + 32 = 23.

Thus, the answerisE.



22. Let S be the set of circles in the coordinate plane that are tangent to each of the three
circles with equations

z? + 9y =4, z? +9° = 64,
and (z —5)% +9° = 3.

What is the sum of the areas of all circlesin S?

A 481
B 68T
C 967
D 1027
E 1367
Solution:

Callthe concentric circles of radii 2 and 8 the inner and outer circles. Let a desired
circle have radius r and let its center be distance d from the origin. It must be internally
tangent to the outercircle,sod + r = 8.

If itis externally tangent to the inner circle, thend — r = 2, giving (7, d) = (3, 5). Ifit
contains the innercircle, thenr — d = 2, giving (7, d) = (5, 3). Thus every desired
circle hasradius 3 or5.



The third given circle has radius v/3and center (5,0). For either value of r, a desired
circle may be internally or externally tangent toit, so the distance between their
centersisT — 4/3orr + /3. Inall four cases, if this distance is g,then|d — q| <5 <
d + g, so the circle of possible centers intersects the circle of radius d about the
originintwo points, symmetric across the x-axis, as shown. Hence there are 4 desired
circles of eachradius.

The total areais therefore
4(5%m 4 3?m) = 136.

Thus, Eis the correct answer.



23. Ant Amelia starts on the numberline at 0 and crawls in the following manner. Forn = 1,
2, 3; Amelia chooses a time duration t,, and anincrement x,, independently and
uniformly at random from the interval (0, 1). During the nth step of the process,
Amelia moves x,, unitsin the positive direction, using up t,, minutes. If the total
elapsedtime has exceeded 1 minute during the nth step, she stops at the end of that
step; otherwise, she continues with the next step, taking at most 3 stepsin all. What is
the probability that Amelia’s position when she stops will be greaterthan1?

1
A —_
3
5 1
2
2
C —
3
3
D —
4
5%
E —
6
Solution:

The stopping time depends only on the time variables, while the final position
depends only on the distance variables, so the corresponding probabilities multiply.

Fortwo independent numbersin (0, 1), the probability that their sumis less than 1is
the area of aright triangle, namely %

For three independent numbersin (0, 1), the probability that their sumis less than 1 is
the volume of a tetrahedron with side intercepts 1, namely %.

Ift1 4+ t9 > 1, Amelia stops after two steps. This has probability %, and independently
x1 + x2 > 1hasprobability %, contributing %.

Ift1 + to < 1, Ameliatakes the third step. This has probability % ,andindependently
1 + 3 + &3 > Lhasprobability 1 — ¢ = 2, contributing 5.

The total probability is 3 + &5 = Z.

Thus, the answeris C.



24. Consider functions f that satisfy

forallreal numbers x and y. Of all such functions that also satisfy the equation
f(300) = f(900), what is the greatest possible value of

F(£(800)) — f(£(400))?

A 25
B 50
C 100
D 150
E 200
Solution:

Applying the contractioninequality twice gives
|£(f(400)) — £(f(300))|
< 317(400) — £(300)
< 25,

and similarly

| £(£(800)) — f(f(900))| < 25.
Set M = £(£(300)) = f(£(900)). The triangle inequality now yields

|£(£(800)) — f(f(400))|
< [f(£(800)) — M|
+ [M — f(f(400))|
< 50.



To attain the bound, define f by linearinterpolation through the points

(300, 600), (400, 550), (550, 575),
(650, 625), (800, 650), (900, 600).

andset f(z) = 600forx < 300orz > 900. Every segment has slope with absolute

value at most 5750 the contraction condition holds. In particular, £(300) =

£(900) = 600, £(400) = 550, and £(800) = 650. Hence f(f(400)) = f(550) =
575, while f(£(800)) = f(650) = 625, giving the difference 50.

Thus, the answerisB.



25. Letxzg, 1, T2, . . . be asequence of numbers, where each x, is either 0 or 1. Foreach
positive integern, define

n—1
ELL:: ZEZ:Eka
k=0

Suppose 7S, =1 (mod 2")foralln > 1. Whatis the value of the sum
L2019 + 2Z2020+

4x9021 + 8T0227

A 6

B 7

c 12

D 14

E 15
Solution:

The desired sumis

S2023 — S2019
22019

Also,0 < §,, < 2™.

Therefore, forauniquem,, € {0,1,...,6},
7S, = m,;2" + 1.

Reducing modulo 7 gives m,2" = —1 (mod 7).

Since2® =1 (mod 7)and2019 = 0 (mod 3),we getmagg = 6.Since 2023 = 1
(mod 3),we have 2mage3 = —1 (mod 7),somgge3 = 3. Hence



6 - 22019 +1

Sao19 = —

3. 22023 +1

Sa023 = -

Finally,

Sao2s — Sa019  3-24—6

92019 - 7 = 6.

Thus, the correct answerisA.
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