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1. Whatisthe value of

(22 —2) — (3% — 3) + (4 — 4)?

A 1

B 2

cC 5

D 38

E 12
Solution:

(22 —2)—(3% — 3) + (4> — 4)
=2—6+12

Thus, Dis the correct answer.



2. Portia’s highschoolhas 3 times as many students as Lara’s high school. The two high
schools have a total of 2600 students. How many students does Portia’s high school

have?
A 600
B 650
c 1950
D 2000
E 2050
Solution:

Let x be the number of studentsin Lara’s high school. Then Portia’s high school has 3x
students.

Therefore,
3z +x = 2600
x = 650.

Then 3z = 1950.

Thus, Cisthe correct answer.



3. The sum of two natural numbersis 17,402. One of the two numbers is divisible by 10. If
the units digit of that numberis erased, the othernumberis obtained. What is the
difference of these two numbers?

A 10,272
B 11,700
c 13,362
D 14,238
E 15,426
Solution:

Let z and y be the two numbers. WLOG, let x be divisible by 10. Then the units digit of
xisO.

If we erase the units digit, then we are essentially dividing by 10. The problem

T
statement also gives us that 0 = .

Therefore,
T
— =17.402
10 +x 7,40
11x
— = 17,402
10 ’
x = 15, 820.
Then

z— = —14,238.
10

Thus, Dis the correct answer.



4. Acartrollsdowna hill, traveling 5 inches the first second and accelerating so that
during each successive 1-second time interval, it travels 7 inches more than during the
previous 1-secondinterval. The cart takes 30 seconds to reach the bottom of the hill.
How far, ininches, does it travel?

A | 215
B 360
c 2992
D 3195
E 3242
Solution:

The distance travelled every second forms an arithmetic sequence:
5,5+ 7,5+2-7,...

The standard arithmetic-sequence sum formulais

a; + ap
2

We know the number of termsis 30 and the first termis 5. The last termis
5+29-7=208.

Plugging these values into the expression yields

5 + 208

30 5

= 15-213 = 3195.

Thus, Dis the correct answer.



5. The quizscoresof aclasswithk > 12 students have amean of 8. The meanof a
collection of 12 of these quizscores is 14. What is the mean of the remaining quiz
scoresinterms of k?

A 14 - 8
kE—12
8k — 168
B —_—
k—12
c 14 8
12 k
5 | 14(k—12)
k2
- 14(k — 12)
8k
Solution:

The sum of the scores of everyonein the classis 8. The sum of the scoresin the
collectionof12is12 - 14 = 168.

This means that the sum of the scores of everyone notin the collectionis 8k — 168.
There are also k — 12 people notinthe collection. Therefore, the average is

8k — 168
k—12 °

Thus, Bis the correct answer.



6. Chantaland Jean start hiking from a trailhead toward a fire tower. Jeanis wearing a
heavy backpack and walks slower. Chantal starts walking at 4 miles per hour. Halfway
to the tower, the trailbecomes really steep, and Chantal slows down to 2 miles per
hour. Afterreaching the tower, she immediately turns around and descends the steep
part of the trail at 3 miles per hour. She meets Jean at the halfway point. What was
Jean’s average speed, in miles per hour, until they meet?

12
A —_
13
B 1
13
C -
12
24
D —_
13
E 2
Solution:

Let 2d be the distance from the trailhead to the fire tower, whered > 0.

Then Chantal hiked for

4

d, d d_13d
2 3 12

hours.

If Jean travelled d milesin H hours, then his speed was

13d 12
I+ 49 =13

miles perhour.

Thus, Aiis the correct answer.



7. Tomhasacollection of 13 snakes, 4 of which are purple and 5 of which are happy. He
observes that

e all of his happy snakes can add,
e none of his purple snakes can subtract, and
e all of his snakes that can’t subtract also can’t add.

Which of these conclusions can be drawn about Tom’s snakes?

A Purple snakes can add.

B Purple snakes are happy.

C Snakesthat canaddare purple.
D Happy snakes are not purple.

E Happy snakes can’t subtract.

Solution:

Note that the third condition ensures that purple snakes can’t add.

We also know that all happy snakes can add, which means that happy snakes can’t be
purple as well.

Thus, Dis the correct answer.



8. When astudent multiplied the number 66 by the repeating decimal,

where a and b are digits, he did not notice the notation and just multiplied 66 times
1.a b. Later he found that his answeris 0.5 less than the correct answer. What is the 2-
digitintegera b?

A 15
B 30
c 45
D 60
E 75
Solution:

Let N = 10a + b, the two-digit integer formed by the digits a and b. Then

— N
l.ab=1+ —
a +99

while the terminating decimal the studentused s

N
lab=1+ —.
. * 100

The correct product exceeds the student’s product by 0.5, so

s (N _NY_ N o5
99 100/ ~ 150

Hence N = 75.

Thus, Eis the correct answer.



9. Whatis the least possible value of (zy — 1)? + (z + y)? forreal numbers z and y?

A 0
5 1
4
1
C —
2
D 1
E 2
Solution:

Expanding, we get
2y? — 2zy + 1 + 2 + 2zy + o>
=22y +2? +y’ + 1
Note that every square must be non-negative. Therefore, the minimum value is when
all the terms except 1 are 0, making the sum 1.
Thisis attainable whenz = y = 0.

Thus, Dis the correct answer.



10. Which of the following is equivalent to

(2 +3)(2% + 3%)
(2% +3%)(28 + 3%)
. (216 + 316)(232 _|_ 332)
. (264 + 364)?

A 3127 + 9127
B 3127 + 2127 +92. 363+3 . 263
C 3128 _ 9128

D 3128 + 2128

E 5127

Solution:

Multiply the productby 3 — 2 = 1. Repeatedly applying the difference-of-squares
identity gives

(3-2)(3+4+2) =3 - 2%
(3% — 2%)(3% 4-22) = 3* — 24,

and the same cancellation continues through the final factor. Therefore the productis
3128 _ 9128

Thus, Cis the correct answer.



1. Forwhich of the following integers bis the base-bnumber 2021, — 221; not divisible
by 37

A3

B 4

c 6

D 7

E 8
Solution:

We can express this expressionin base 10 using the definition of bases:
26° +2b+1—2b* —2b— 1
= 2% — 2% = 2b%(b — 1).
For this to be divisible by 3, eitherborb — 1 must be divisible by 3.

The only answer choice that satisfies neither of these conditions is 8.

Thus, Eis the correct answer.



12. Tworight circular cones with vertices facing down as shown in the figure below contain
the same amount of liquid. The radii of the tops of the liquid surfaces are 3cmand 6
cm. Into each coneis dropped a spherical marble of radius 1 cm, which sinks to the
bottom andis completely submerged without spilling any liquid. What is the ratio of
therise of the liquid levelin the narrow cone to the rise of the liquid level in the wide

cone?
A 1:1
B 47 : 43
C 2:1
D 40 : 13
E 4:1
Solution:

Let the initial liquid heights in the narrow and wide cones be h1 and hz. Since the liquid
volumes are equal,

1
—T
3

(3)2h1 = %71’(6)2’2,2,

sohy = 4hs.

Afterthe identical marbles are dropped in, each cone must contain the same final
volume below the liquid surface: the original liquid volume plus the volume of one
marble. If the new liquid-surface radii are 3z and 6y, similarity gives new heights hy
and hoy. Thus



13.

1 1
gﬂ'(3$)2h1$ = §7T(6y)2h2y

Using h; = 4hs, this simplifies to x3 = y3, sox = y.Theriseratiois therefore

hl(w—l)ihg(y—l):hlthz
=4:1.

Thus, Eis the correct answer.

What is the volume of tetrahedron ABC D with edge lengths AB = 2, AC = 3,
AD =4,BC = +/13,BD = 24/5,andCD = 5?

A 3

B 2V3

c 4

D  3v3

E 6
Solution:

Place A = (0,0,0),B = (2,0,0),C = (0,3,0),and D = (0,0,4).Then

BC = /22 4+ 32 = /13,

BD = /22 + 42 = 24/5,

CD=+/324+42=75,

so this coordinate model matches all the given edge lengths. The tetrahedronis a

rectangular-corner tetrahedron with perpendicular edge lengths 2, 3, 4 from A, soiits

volumeis

~(2)(3)(4) = 4.

Thus, Cis the correct answer.



14. Allthe roots of the polynomial

25 —102° + Az* + B2
+Cz?+ Dz + 16

are positive integers, possibly repeated. What is the value of B?

A —88
B | —80
c  —64
D —41
E —40
Solution:

By Vieta’s formulas, the six roots have sum 10 and product 16. Because the productis
apower of 2, every positive integerroot is a power of 2. Distributing the four factors of
2 among sixroots gives the least possible sum when fourroots are 2 and two roots are
1;that sumis already 10. Hence the roots are

1,1,2,2,2,2.

The coefficient B is the negative of the sum of all products of three roots. Choosing
zero, one, or two of the two roots equal to 1 gives

o (ol
()

= —8&8.

Thus, Aiis the correct answer.



15. Valuesfor A, B, C,and D are to be selected from {1, 2, 3,4, 5, 6} without
replacement (i.e., no two letters have the same value). How many ways are there to
make such choices so that thetwo curvesy = Az? + Bandy = Cz? + D
intersect?

(The orderinwhich the curves are listed does not matter; for example, the choices
A =3B =2,C =4,D = lisconsideredthe same asthe choices A = 4,B =1,
C=3,D=2)

A 30
B 60
c 90
D 180
E 360
Solution:

Setting the equations equal to each other, we get
Az + B=Cz*+ D
> (A-C)=D-B
s, D-B

since squares are non-negative.
Thismeans D — B and A — C must both have the same sign.

If we choose two distinct values for (A, C') and (B, D), there are 2 ways to arrange
them such that the numerator and denominator both have the same sign.

We have to divide by 2, however, since the two curves are not considered distinct.

Therefore, the total number of tuplesis

() -



Thus, Cisthe correct answer.



16. Inthe following list of numbers, the integern appears ntimesinthelistforl < n <
200.

1,2,2,3,3,3,4,4,4,4,...,
200, 200, . . . , 200

What is the median of the numbersin thislist?

A | 100.5
B 134
c 142
D 150.5
E 167
Solution:

Thelist contains

200 - 201

2
= 20100

1+2+4 -+ 200 =

entries, soits two middle positions are 10050 and 10051.
There are

141 - 142
— =10011

entries through the last 141, and

142 - 143

= 101
5 0153

entries through the last 142. Thus both middle entries are 142, so the medianis 142.

Thus, Cisthe correct answer.



17. Trapezoid ABCDhas AB || CD,BC = CD = 43,and AD | BD.LetObethe
intersection of the diagonals AC and BD, and let P be the midpoint of BD.

Giventhat OP = 11, thelength of AD canbe writtenin the form m+/n, where m and
n are positive integers and nis not divisible by the square of any prime. Whatism +

n?
A 65
B 132
Cc 157
D 194
E 215
Solution:

Because BC = C' D, the medianfrom C'to BD is perpendicularto BD. Thus ABPC
isaright triangle. Let /ZDBC = «.Since AB || CD,wealsohave ZABD = a,so
ABPC ~ ABDA.

BD

Since Pis the midpoint of BD,we have Z5 = 2.Inthe similarity, BC' corresponds to
AB,so

AB

—— =2

BC

AB = 2-43 = 86.

Also, AABO ~ ACDQO,so

BO AB

OD CD
Since OP = 11 and P is the midpointof BD,write BP = PD = t.Then BO =t +
11andOD =t — 11,s0

t+411
+ _ 5
t—11



This givest = 33,hence BD = 66. Finally, AABD isright, so

AD =/ AB? — BD?
— /862 — 662
— 44/190.

Thusm +n =4+ 190 = 194.

Thus, Dis the correct answer.



18. Let f be afunction defined on the set of positive rational numbers with the property
that f(a - b) = f(a) + f(b) forall positive rational numbers a and b. Suppose that f
also has the property that f(p) = pforevery prime number p. For which of the
following numbers zis f(z) < 07

17
A —_
32
11
B —_
16
o 7
9
5 7
6
25
E —_
11
Solution:

Repeated use of the functional equation gives f(p°) = ef(p) = epforevery prime p
and positive integere. Also,

a

fa)=1(3) + £0),
s £(%) = f(a) - (b).

Evaluating the choices by prime factorization,

17

fog)=17-5-2=T,

f(%):11—4-2:3,
Q) =7-23=1,
f)=7-2-3=12,
25

f(3)=2-5-11=-1



19.

Only the final value is negative.

Thus, Eis the correct answer.

The area of the region bounded by the graph of
2 +y° = 3|z —y| + 3|z + v

ism + nm,where m andn are integers. Whatism + n?

A 18
B 27
c 36
D | 45
E 54
Solution:

Consider the four sign cases forx — yand x + y. Inone case, forexample, |z — y| =
z —yand|z +y| =z + y,s0

w2+y2=6:1:
— (z—-3)*+¢y*=09.

The other three cases similarly give circles of radius 3 centered at (0, 3), (—3,0), and
(0, —3). The relevant arcs form the boundary shown by these four congruent circle
pieces.

The region consists of a central square of side length 6, together with four semicircles
of radius 3. The square contributes area 36, and the four semicircles have the area of
two full radius-3 circles, namely 18r.

Therefore the areais 36 + 18m,som + n = 36 + 18 = 54.

Thus, Eis the correct answer.



20. Inhow many ways canthe sequence 1, 2, 3, 4, 5 be rearranged so that no three
consecutive terms are increasing and no three consecutive terms are decreasing?

A | 10
B 18
c 24
D 32
E 44
Solution:

A permutationis valid exactly when the four comparison signs between consecutive
terms alternate. Thus the signs must be either up-down-up-down or down-up-down-

up.
For the up-down-up-down pattern, the largest entry 5 must be in position 2 or
position4. Ifitisin position 2, let the entry in position4 be r. Its two neighbors must
be distinct numbers less than r, which can be orderedin (r — 1) (r — 2) ways.
Summingoverr = 1,2, 3,4 gives

0+0+2+4+6=8
permutations. By symmetry there are another 8 when 5is in position 4, for a total of 16

with this comparison pattern.

Replacing every entry x by 6 — x gives a bijection to the down-up-down-up
permutations, so there are another 16.

The total number of valid rearrangementsis 16 4+ 16 = 32.

Thus, Dis the correct answer.



21. Let ABC DEF be anequiangular hexagon. Thelines AB,C' D, and EF determine a
triangle with area 192+/3, and the lines BC, DE, and F' A determine a triangle with
area 3244/3. The perimeter of hexagon ABC DEF canbe expressed asm + n./D,
where m, n,and p are positive integers and pis not divisible by the square of any
prime. Whatism + n + p?

A 47
B 52
C 55
D 58
E 63
Solution:

Let the intersections of lines AB, C'D, EF formtriangle PQ R, and let the
intersections of lines BC, DE, F' A formtriangle XY Z. Because the hexagonis
equiangular, all these outer triangles are equilateral.

Foran equilateral triangle with side length s, the areais @s? Hence
?Pcf = 192+/3,
3
%YZ2 — 324V/3.

So PQ) = 164/3andY Z = 36. Tojustify the perimeterrelation, write the consecutive
hexagonside lengths asa, b, ¢, d, e, f.The two alternating-line triangles have side
lengths b + ¢ + dandc + d + e, while closure of the hexagongivesa + f = ¢ + d.
Hence their side-length sumis



(b+c+d)

+(c+d+e)
=b+e+2(c+d)
=(a+b+c)+(d+e+f),

the hexagon’s perimeter. Therefore the perimeteris
PQ+YZ =16V3 + 36.

Thusm +n+p =36+ 16 + 3 = 55.

Thus, Cis the correct answer.



22. Hiram’s algebra notes are 50 pages long and are printed on 25 sheets of paper; the
first sheet contains pages 1 and 2, the second sheet contains pages 3 and 4, and so
on. One day he leaves his notes on the table before leaving for lunch, and his
roommate decides to borrow some pages from the middle of the notes. When Hiram
comes back, he discovers that hisroommate has taken a consecutive set of sheets
from the notes and that the average (mean) of the page numbers on all remaining
sheetsis exactly 19. How many sheets were borrowed?

A 10
B 13
c 15
D 17
E 20
Solution:

Suppose the borrowed sheets are sheets a throughb,andlets = b — a + 1.The
borrowed pages runfrom 2a — 1 through 2b, so there are 2s borrowed pages and
theirsumis s(2a + 2b — 1).

The total sum of all page numbersis 2231 — 1275, If the remaining pages have mean

2
19, then

1275 — s(2a + 2b — 1)
= 19(50 — 2s),
s(2a + 2b — 39) = 325.

Because b — a + 1is apositive divisor of 325 andis at most 25, its only possibilities
arel, 5,13, 25. The first two would force b > 25, and 25 would remove every sheet.
Thus the only valid possibility is

2a + 2b — 39 = 25,
b—a+1=13.



Thusa + b= 32andb — a = 12,soa = 10and b = 22. Therefore 13 sheets were
borrowed.

Thus, Bisthe correct answer.



23. Frieda the frog begins a sequence of hopsona 3 x 3 grid of squares, moving one
square on eachhop and choosing atrandom the direction of each hop—up, down,
left, orright. She does not hop diagonally. When the direction of a hop would take
Frieda off the grid, she “wraps around” and jumps to the opposite edge. Forexample
if Frieda beginsinthe center square and makes two hops “up”, the first hop would
place herinthe top row middle square, and the second hop would cause Frieda to
jump to the opposite edge, landing in the bottom row middle square.

Suppose Frieda starts from the center square, makes at most four hops at random,
and stops hopping if she lands on a corner square. What is the probability that she
reaches a corner square on one of the fourhops?

9
A —_
16
5
B —
8
3
C —
4
25
D —_
32
13
E S
16
Solution:

Classify asquare as M forthe center, E foranon-corner edge square, and C for a
corner. Frieda starts at M, and the first hop always takes hertoan E.

1 1

From an edge square, the probabilities of movingto C, E, M are 391 i,

respectively. From M, the next hop always goestoan E.

Now count the possible first-hit patterns within four hops:

1 1

EC: 1-=-=—,
2 2

1 1 1

EEC : 1-1-5—5,



Adding gives

S
28 32

co| =
[
]
M-

Thus, Dis the correct answer.



24. The interior of a quadrilateral is bounded by the graphs of (z + ay)? = 4a? and
(ax — y)? = a?,where ais a positive real number. What is the area of this region in
terms of a, valid foralla > 07

A 8a?
(a+1)2
5 4qa
a+1
c 8a
a+1
8a?
D
a?+1
8a
E
a2 +1
Solution:

Note that each of the equations yields two parallellines.
(z + ay)® = 4a’
resultsinthe twolines
z+ay—2a=0
and

T+ ay + 2a = 0.

1
Both of these lines have a slope of ——.
a
Similarly,
(ax — y)* = o

resultsinthelines

ar—y—a=>0



and
ar —y+a=0.

Theselines have slope a.

Note that each pair of lines is perpendicular to the other pair of lines. This shows that
the equations form arectangle.

Recall that the formula for the distance d between two parallel lines

Ax+By+C; =0
Ar+By+Cy =0

g 1C— G|
VA2 + B2
Using this formula, we get that the distance between the first pair of lines is
4a
VaZ+1
Similarly, the distance between the second pair of linesis
2a
Vaz+1
These are the side lengths of the rectangle. Multiplying yields the area

8a?
a?+1

Thus, Dis the correct answer.



25. How many ways are there to place 3 indistinguishable red chips, 3 indistinguishable
blue chips, and 3 indistinguishable green chipsin the squaresof a3d x 3 gridso thatno
two chips of the same color are directly adjacent to each other, either vertically or
horizontally?

A 12
B 18
c 24
D 30
E 36
Solution:

Choose the center colorin 3 ways. Its other two chips cannot occupy any edge-
middle square, because those squares are adjacent to the center. Thus they must
occupy two of the four corners, which canbe chosenin (;1) = 6 ways.

For either possible corner pattern—two opposite corners or two corners on the same
side—the adjacency conditions force the remaining two colors up to interchanging
them. Hence there are 2 completions for each choice of the center colorandits two

corners. The totalis
4
3( ) -2 = 36.
2

Thus, Eis the correct answer.
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