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1. Whatisthe value of

1 (—2)—3—(—4)

—5—(—6)?
A —20
B -3
C 3
D 5
E 21
Solution:

Subtracting anegative is the same as adding the corresponding positive number, so

1 (—2)—3—(—4)
—5— (—6)
—1+4+2-3+4-5+6.

Now combine the terms:

(1+2+4+6)—(3+5)
—13 -8 =5,

Thus, Dis the correct answer.



2. Carlhasb cubeseachhaving side length 1, and Kate has 5 cubes each having side
length 2. What is the total volume of these 10 cubes?

A 24
B 25
c 28
D 40
E 45
Solution:

A cube with side length s has volume s3. Carl’s five cubes have total volume 5 - 13 = 5,
and Kate’s five cubes have total volume 5 - 23 = 40.

The total volumeis b + 40 = 45.

Thus, the correct answerisE.



3. Theratioofwtoxis4 : 3,theratioofytozis3 : 2,andtheratioof ztoxis1 : 6. What
is the ratio of wto y?

A 4:3
B 3:2
c  8:3
D 4:1
E 16:3
Solution:

Theratios give

w 4 y 3
x 3 z 2
z_1
z 6
Then
w_ w T z
y T z y
4 2 16
—2.6.2 = =
3 3 3

Thereforew : y = 16 : 3.

Thus, Eis the correct answer.



4. Theacute angles of aright triangle are a® and b°, where a > band botha andbare
prime numbers. What is the least possible value of b?

A 2

B | 3

cC 5

D 7

E 11
Solution:

The acute angles satisfy a + b = 90. Testing primes b fromleast to greatest, b =
2,3, 5would give a = 88, 87, 85, none of whichis prime. Forb = 7, however,a = 83
is prime and is greater than b.

Therefore the least possible value of bis 7. Thus, D is the correct answer.



5. How many distinguishable arrangements are there of 1 brownttile, 1 purple tile, 2 green
tiles, and 3 yellow tiles in arow from left to right? (Tiles of the same color are
indistinguishable.)

A 210
B 420
c 630
D 840
E 1050
Solution:

Therearel + 1 4+ 2 + 3 = 7 totaltiles. If all seven tiles were distinct, there would be
7! arrangements. The two green tiles are indistinguishable, and the three yellow tiles
are indistinguishable, so we divide by 2! and 3!.

Thus the number of arrangementsis

7!

Thus, Bis the correct answer.



6. Driving along a highway, Megan noticed that her odometer showed 15951 (miles). This
numberis a palindrome—it reads the same forward and backward. Then 2 hours later,
the odometer displayed the next higher palindrome. What was her average speed, in
miles per hour, during this 2-hour period?

A 50
B 55
c 60
D 65
E 70
Solution:

A five-digit palindrome is determined by its first three digits. The first half of 15951 is

159; increasing this to 160 and reflecting the first two digits gives the next palindrome,
16061.

Megantraveled 16061 — 15951 = 110 milesin 2 hours, so her average speed was

1—§0 = 55 miles perhour. Thus, Bis the correct answer.



7. How many positive even multiples of 3 less than 2020 are perfect squares?

A T

B 8

c 9

D 10

E 12
Solution:

Anumber that is both even and a multiple of 3 is a multiple of 6. If such anumberis also
aperfect square, its square root must be divisible by both 2 and 3, hence by 6.
Therefore the numbers counted are exactly

(6k)? < 2020

for positive integers k.

Since 422 = 1764 < 2020 and 482 = 2304 > 2020,wehavek = 1,2,...,7,fora
total of 7 numbers.

Thus, Aiis the correct answer.



8. Points P and Q) lieinaplane with PQ) = 8. How many locations for point R in this plane
are there such that the triangle with vertices P, (), and R is aright triangle with area 12
square units?

A 2

B 4

cC 6

D 8

E 12
Solution:

Place P = (—4,0)and @ = (4, 0). Since the areais 12 and PQ) = 8, the distance
from Rtoline PQis3,so R = (x, £3).

If the right angleis at P,then R = (—4,+3), giving 2 points. Ifitisat @, then R =
(4, +3), giving 2 more points.

If the right angle is at R, then P() is the hypotenuse, so
64 = PR?> + QR?
=(z+4)*+9
+(x—4)*+9
= 2z° + 50.

Thus z? = 7, giving R = (£+/7, £3), another 4 points.
Thetotalis2 +2 4+ 4 = 8.

Thus, the correct answerisD.



9. How many ordered pairs of integers (z, y) satisfy the equation

:If2020 4 y2 — 23/‘?

A1
B 2
c 3
D 4

E infinitely many

Solution:
Move all terms to one side and complete the square:

w2020 4 y2 — 2y
= 2" + (y - 1)’ =1

Because (y — 1) > 0,we musthave z2°?° < 1.Since zisaninteger,z = —1,0, 1.
Ifz = £1,then(y — 1)2 = 0,s0y = 1.Ifz = 0,then(y — 1)> = 1,s0y = Oor2.
This gives 4 ordered pairs.

Thus, Dis the correct answer.



10. Athree-quarter sector of a circle of radius 4 inches together withits interior can be
rolled up to form the lateral surface of aright circular cone by taping together along
the two radii shown. What is the volume of the cone in cubic inches?

A 3m/5
B 47/3
c 3m/7
D 67/3
E 67/ 7

Solution:

The sector’s arc becomes the base circumference, so if the base radiusis r, then
3
27r = 1(27r -4) = 6,

givingr = 3. The sectorradius becomes the cone’s slant height, so the cone’s height
IS

h = /42 — 32 = /7.

Hence the volumeis

%71'7“271 = %W(S)zﬁ = 3m/T.

Thus, Cisthe correct answer.



11. Ms. Carrasks her students toread any 5 of the 10 books on areading list. Harold
randomly selects 5 books from this list, and Betty does the same. What s the
probability that there are exactly 2 books that they both select?

1
A —_
8
5%
B —_
36
c 14
45
25
D —_
63
1
E —_
2
Solution:

Assume that Harold has already picked his b books. Of these five books, there are (g)
ways that Betty can have picked exactly two of the same books as Harold, and (g)
ways that Betty can choose her other three books from the 5 books not on Harold’s
list.

Thus there are (g) (g) = 100 favorable choices for Betty out of (150) = 252 equally

likely choices. The probability is

100 25
252 63"

Thus, Dis the correct answer.



12. The decimalrepresentation of

1
2020

consists of a string of zeros after the decimal point, followed by a 9 and then several
more digits. How many zeros are in that initial string of zeros after the decimal point?

A 23

B 24

c 25

D 26

E 27
Solution:
We can write

1 1 520

2020 (4.5)20 104"

Now 520 = 95,367,431,640,625, which has 14 digits and begins with 9. Dividing by
10% places this 14-digit number after the decimal point with 40 — 14 = 26 zeros
before the first digit.

Thus, the correct answerisD.



13. Andy the Ant lives on a coordinate plane andis currently at (—20, 20) facing east (that
is, in the positive x-direction). Andy moves 1 unit and then turns 90° left. From there,
Andy moves 2 units (north) and then turns 90° left. He then moves 3 units (west) and
again turns 90° left. Andy continues this process, increasing his distance each time by

1 unit and always turning left. What is the location of the point at which Andy makes the
2020th left turn?

A (—1030,—994)
B (—1030,—990)
c | (—1026,—994)
D (—1026,—990)
E (—1022,—994)

Solution:

Inthe first four moves, Andy goes 1 east, 2 north, 3 west, and 4 south. The net changeis
(1-3,2—4)=(-2,-2),

and heis again facing east.

Since 2020 = 4 - 505, Andy completes 505 such cycles. Starting from (—20, 20), his
final positionis

(—20, 20) + 505(—2, —2)
= (—1030, —990).

Thus, Bis the correct answer.



14. As shownin the figure below, six semicircles lie in the interior of aregular hexagon with
side length 2 so that the diameters of the semicircles coincide with the sides of the
hexagon. What is the area of the shaded region—inside the hexagon but outside all of
the semicircles?

A | 6+43—37m
s V3
2
C 3_\/3 T
2 3
D 3v3 -
e | V3
2
Solution:

By symmetry, the shaded regionis made of six congruent pieces. One such piece s
the union of two equilateral triangles with side length 1, minus a 60° sector of a circle
of radius 1.

The two equilateral triangles have total area

V3 _ V3

2. .
4 2



The sectorhas area

60° ™
c(1)? = =,
5600 ") =%

Thus one shaded piece has area @ — 7—6r, and the total shaded areais

V3 o
6(7_6) =3vV3 -

Thus, Dis the correct answer.



15. Steve wrote the digits 1, 2, 3,4, and 5 in order repeatedly from left to right, forming a
list of 10,000 digits, beginning 123451234512 . . . He then erased every third digit
from hislist (thatis, the 3rd, 6th, 9th, . . . digits from the left), then erased every fourth
digit fromthe resulting list (that is, the 4th, 8th, 12th, . . . digits from the left in what
remained), and then erased every fifth digit from what remained at that point. What is
the sum of the three digits that were thenin positions 2019, 2020, and 20217

AT

B 9

c 10

D 11

E 12
Solution:

Start with the repeating block 12345. Deleting every third digit repeats over
lem(3,5) = 15 original positions:

123451234512345
— 1245235134,

so the new period has length 10.
Deleting every fourth digit from this period repeats overlcm(4, 10) = 20 positions:

12452351341245235134
— 124235341452513,

so the new period has length 15.
Deleting every fifth digit from this period gives

124235341452513
— 124253415251,



16.

which has period 12. Since 2019 = 3 (mod 12), the digitsin positions 2019, 2020,
and 2021 are the 3rd, 4th, and 5th digits of this period: 4, 2, 5. Theirsumis 11.

Thus, the correct answerisD.

Bela and Jenn play the following game on the closed interval [0, n] of the real number
line, where n is a fixed integer greater than 4. They take turns playing, with Bela going
first. At his first turn, Bela chooses any real number in the interval [0, n]. Thereafter, the
playerwhose turnitis chooses areal numberthatis more than one unit away from all
numbers previously chosen by either player. A player unable to choose such a number
loses. Using optimal strategy, which player will win the game?

A Bela will always win.
B Jenn will always win.
C Belawillwinif and only if nis odd.
D Jennwillwinif and only if nis odd.

E Jennwillwinif and only if n>8.

Solution:

Bela can first choose the midpoint % . Afterthat, whenever Jenn chooses a number z,
Bela chooses thereflected numbern — .

Thisreflected numberis legal whenever Jenn’s move is legal: distances from
previously chosen numbers are preserved by the reflection about %, and Jenn cannot
choose § because it was Bela’s first move. Therefore every Jenn move has a matching
Belaresponse, so Jennis the first player who can run out of legal moves.

Thus, Ais the correct answer.



17. There are 10 people standing equally spaced around a circle. Each person knows
exactly 3 of the other9 people: the 2 people standing next to her or him, as well as the
persondirectly across the circle. How many ways are there for the 10 people to split
up into 5 pairs so that the members of each pairknow each other?

A 11
B 12
c 13
D 14
E 15
Solution:

Label the people around the circle. Count by the number of pairs of opposite people.

With no opposite pairs, everyone must be paired with a neighbor around the 10-cycle.
There are exactly 2 alternating neighbor matchings.

With one opposite pair, choose that pairin 5 ways. The remaining people form two
paths of four vertices, and each path has only one perfect matching by neighbor pairs,
so this gives 5 matchings.

With two or four opposite pairs, the remaining neighbor-pairing paths have odd length
somewhere, so no perfect matchingis possible.

With three opposite pairs, the two opposite pairs not chosen must be adjacent
around the five opposite-pair positions; otherwise the remaining people cannot be
matched by neighbor pairs. There are 5 adjacent choices for the two unchosen
opposite pairs, so there are 5 matchings.

With all five opposite pairs, there is 1 matching. The total is
24+54+5+1=13.

Thus, the correct answerisC.



18. Anurn contains one red ball and one blue ball. Abox of extrared and blue balls lies
nearby. George performs the following operation four times: he draws a ball from the
urn atrandom and then takes a ball of the same color from the box and returns those
two matching balls to the urn. After the fouriterations the urn contains six balls. What is
the probability that the urn contains three balls of each color?

1
A —_
6
1
B —_
5
1
C _
4
5 1
3
c 1
2
Solution:

The urn ends with three red and three blue balls exactly when the four draws contain
two red draws and two blue draws. There are (4) = 6 possible color orders of this

2
type.
For any fixed order with two red draws and two blue draws, the probability is
1-2-1-2 _ 4 B 1
2-3-4-5 120 30’

because the first and second draws of each color have numerators 1 and 2, while the
total number of balls before the fourdrawsis 2, 3, 4, 5.

Thus the desired probability is 6 - 3—10 = %

Thus, the correct answerisB.



19. Inacertaincard game, a playeris dealt ahand of 10 cards from a deck of 52 distinct
cards. The number of distinct (unordered) hands that can be dealt to the player can be
writtenas 158 A00 A4 A A0. What is the digit A?

A 2

B 3

c 4

D 6

E 7
Solution:

After canceling factorsin the binomial coefficient,

52
(10) =10-17-13-7

-47-46 - 11 - 43.

Dividing 158 A00A4 A A0 by the final factor 10, the units digit of the remaining product
is A.
Working modulo 10,
A=7-3-7-7-6-1-3
=2 (mod 10).

Hence A = 2.Thus, Ais the correct answer.



20. Let B be aright rectangular prism (box) with edge lengths 1, 3, and 4, together with its
interior. Forrealr > 0,let S(r) be the set of points in 3-dimensional space that lie
within a distance 7 of some pointin B. The volume of S(r) can be expressed as

ard + br? + cr + d,

" . be
where a, b, c,and d are positive real numbers. What is — 7

ad
A 6
B 19
cC 24
D 26
E 38
Solution:

Decompose S(7) by where the added volume lies relative to the box.

The originalboxhasvolumed = 1 - 3 - 4 = 12.The face slabs contribute surface area
timesr, so

c=2(1-3+1-4+3-4)=38.

Along each edge is a quarter-cylinder of radius r. The sum of all edge lengthsis 4(1 +
3+4) =32,s0

1
b:ZTF'?)ZZSﬂ'.

At the eight corners, the eighth-spheres combine to one full sphere, so
4

a = —T.

3



Therefore

Thus, the correct answerisB.



21. Insquare ABC D, points E and H lieon AB and D A, respectively, sothat AE =
AH . Points F and G lie on BC and C'D, respectively, and points I and J lieon EH so
that FI 1. EH andGJ 1 EH.Seethe figure below. Triangle AE H, quadrilateral
BFIE, quadrilateral DHJG, and pentagon FCGJ I eachhas area 1. Whatis F'12?

D G C

y F

Solution:

The four named regions fill the square and each has area 1, so the square has area 4
and side length 2. Since triangle AE H isrightisosceles withareal,we have AE =

AH = /2.

Extend FItomeet ABat K,andsetz = BF andt = BE = 2 — 1/2.Because EH
has slope —1, line F'K hasslopel,so BF = BK = z.If K wereonsegment EB,
thenregion BF'I E would lie inside triangle BF' K , whose area would be at most % <
1,acontradiction. Thus K liesto theleftof E,and EK = x — t.

Triangle BF' K isrightisosceles with area %2 Triangle E I K isrightisosceles with

IRy
hypotenuse EK = = — t,soitsareais %. Since their differenceisregion BF I F,



Therefore

4 =2z2% — (z —t)*

= (z +t)* — 2t
Also, FK = z+/2and K1 = "”T_;,so
t
FI—FK - KI=2"%
V2
It follows that
FI2 _ (w+t)2
2
=24 ¢t
=2+ (2—-v2)’
— 8 — 4/2.

Thus, the correct answerisB.



22. What is the remainder when 2292 4 202 is divided by 219 4 251 1 17

A 100
B 101
c 200
D 201
E 202
Solution:

Letm = 2101 4 251 4 1 We factor the numerator around this divisor:
2202 1 202
= (2" +1)% — (2°")* + 201.

By the difference of squares,

(2101 4+ 1)2 . (251)2
— (2101 + 251 _|_ 1)
. (2101 _ 251 _|_ 1)’

whichis a multiple of m. Therefore
2202 + 202 = 201 (mod m).

Thus, the correct answerisD.



23. Square ABC D inthe coordinate plane has vertices at the points A(1,1), B(—1,1),
C(—1,—1),and D(1, —1). Consider the following four transformations:

e L, arotation of 90° counterclockwise around the origin;
e R, arotation of 90° clockwise around the origin;

o H, areflection across the x-axis; and

« V', areflection across the y-axis.

Each of these transformations maps the square ontoitself, but the positions of the
labeled vertices will change. For example, applying R and then V would send the
vertex Aat (1,1)to (—1,—1) and would send the vertex B at (—1, 1) toitself. How
many sequences of 20 transformations chosen from { L, R, H, V } will send all of the
labeled vertices back to their original positions? (Forexample, R, R, V', H isone
sequence of 4 transformations that will send the vertices back to their original

positions.)
B 3.2
D 3.2%7
Solution:

Eachof L, R, H, V moves every vertex to an adjacent corner of the square. Therefore
afteran odd number of transformations the labelingis in one of the four odd-parity
states, and afteran even numberitisin one of the four even-parity states.

After any first 19 transformations, the square is in an odd-parity state. From each odd-
parity state, exactly one of L, R, H, V sends the labeled vertices back to their
original positions. Thus every sequence of the first 19 transformations has exactly one
valid final transformation.



2%

There are 419 = 238 choices for the first 19 transformations, so there are valid

seguences.

Thus, Cisthe correct answer.



24. How many positive integers n satisfy

n + 1000
- - ?

(Recall that | x | is the greatest integer not exceeding x.)

A 2

B 4

cC 6

D 30

E 32
Solution:
Let

k=|va).
The equation givesn = 70k — 1000. Also, by the definition of the floor function,
k> <n<(k+1)>%
Substitutingn = 70k — 1000, we get
k? < 70k — 1000 < (k 4 1)%
The leftinequalityis
k* — 70k + 1000 < 0
— (k —20)(k —50) <0,
s020 < k < 50.Therightinequalityis

70k — 1000 < k2 + 2k + 1
— k% — 68k + 1001 > 0.



The roots of k2 — 68k + 1001 are 34 4 /155, which are approximately 21.55 and
46.45. Thus, togetherwith 20 < k£ < 50, the possible integer values are

k = 20,21, 47, 48, 49, 50.

There are 6 such values.

Thus, Cisthe correct answer.



25. Let D(n) denote the number of ways of writing the positive integer n as a product

n=fi-fo - fr

where k > 1, the f; areintegers strictly greater than 1, and the order in which the
factors are listed matters (that is, two representations that differ only in the order of

the factors are counted as distinct). For example, the number 6 can be writtenas 6, 2 -
3,and3 - 2,s0D(6) = 3. Whatis D(96)?

A 112
B 128
C 144
D 172
E 184
Solution:

Write 96 = 2° - 3. Suppose an ordered factorization has k factors. Exactly one factor
contains the single prime factor 3; choose its positionin k ways.

The other k — 1factors must each contain at least one factor of 2, while the factor
containing 3 may contain any number of factors of 2. Distributing the five factors of 2
under these conditions canbe donein

(671)

ways. Therefore the number of ordered factorizations with k factorsis k (kil) , Where
1<k<6.

Thus



Lettingj = k — 1, thisbecomes
5
, 5
S+ ( )
j=0 J
5 5
5 5
.|+ .
>i(5)+3(})

J Jj=0
5.2 4+ 2°
80 + 32 = 112.

Thus, Ais the correct answer.
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