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1. How manyintegervalues of z satisfy |x| < 377

A9

B 10

c 18

D 19

E 20
Solution:

Every integer from —9 to 9, inclusive, works. This yields 9 — (—9) + 1 = 19 solutions.

Thus, the correct answerisD.



2. Whatisthe value of

/(5-2v9)

+ \/ (3+ 2\/5)2?
A0
B 4v3—6
C 6
D 4v3
E  4y3+6
Solution:

Because Vu2 = |u|, the expression equals
3 —2v/3| 4 |3 + 2V3|.
Since 2v/3 > 3, thisbecomes
(23 —3) + (3 +2v3) = 4V/3.

Thus, the correct answerisD.



3.

In an after-school program for juniors and seniors, there is a debate team with an equal
number of students from each class on the team. Among the 28 studentsin the
program, 25% of the juniors and 10% of the seniors are on the debate team. How
many juniors are in the program?

A5

B 6

c 38

D 11

E 20
Solution:

Let the number of juniors be 5 and the number of seniorsbe s. Then, 7 + s = 28 and
0.255 = 0.1s. Thismeans 2.55 = s,s503.57 = 28. Thismakes 7 = 8.

Thus, the correct answerisC.



4. Atamathcontest, 57 students are wearing blue shirts, and another 75 students are
wearing yellow shirts. The 132 students are assigned into 66 pairs. In exactly 23 of
these pairs, both students are wearing blue shirts. In how many pairs are both students
wearing yellow shirts?

A 23
B 32
c 37
D 41
E 64
Solution:

There are 2 - 23 = 46 students with blue shirts that are in a pair with just blue shirts. This
means there are 57 — 46 = 11 studentsin blue shirts who are paired with someone
wearing a yellow shirt, meaning exactly 11 people wearing yellow shirts are paired with
someone wearing a blue shirt.

This leaves just 64 students wearing a yellow shirt who are paired with someone else

64
wearing a yellow shirt. This yields 5 = 32 pairs.

Thus, the answerisB.



5. Theagesof Jonie’sfour cousins are distinct single-digit positive integers. Two of the
cousins’ ages multiplied together give 24, while the other two multiply to 30. What is
the sum of the ages of Jonie’s four cousins?

A 21
B 22
c 23
D 24
E 25
Solution:

The only pair of single-digit positive integers with product 30 is 5, 6. The single-digit
factor pairs of 24 are 3, 8 and 4, 6. Because all four ages are distinct, the pair4, 6
wouldrepeat the age 6, so the other pairmust be 3, 8. Thus the ages are 3, 5, 6, 8,
whose sumis 22.

Thus, the answerisB.



6. Ms. Blackwell gives an exam to two classes. The mean of the scores of the studentsin
the morning class is 84, and the afternoon class’s mean score is 70. The ratio of the
number of students inthe morning class to the number of studentsin the afternoon
classis %. Whatis the mean of the scores of all the students?

A T4
B 75
c 76
D 77
E 78
Solution:

Let the number of peopleinthe first class be 3x. This means the number of peoplein
the secondclassis4x.

Thus, the sum of the scores of the first classis 84 - 3x = 252z and the sum of the
scores for the peopleinthe secondclassis 70 - 4o = 280x. This means the total sum
is 532x, with 7x people.

- 532z
Therefore, the average of all the studentsis 7 = T76.
T

Thus, the correct answerisC.



7. Inaplane, fourcircleswithradiil, 3,5,and 7 are tangent to line £ at the same point A,
but they may be on either side of £. Region .S consists of all the points that lie inside
exactly one of the four circles. What is the maximum possible area of region S?

A 24rm
B 32w
C 64m
D 657
E  84m
Solution:

Onone side of £, circles tangent at A are nested. For nested circles withradiir; >

ro > - -+ ,the pointsinside exactly one of those circles have area 71'(7“% — ’r‘%) if there

are at least two circles; a third smaller nested circle does not count because its points
are inside three circles, not exactly one.

To maximize the area, put the circle of radius 7 alone on one side, and put the circles of
radiid, 3, 1 onthe other side. This gives

7*m 4 (5* — 3%)7
=497 + 167 = 657.

Thus, the answerisD.



. Mr.Zhouplaces alltheintegers from1to 225intoa 15 by 15 grid. He places 1 in the
middle square (eighthrow and eighth column) and places other numbers one by one
clockwise, as shownin partinthe diagram below. What is the sum of the greatest
number and the least number that appearin the second row from the top?

21 122 123|241 25

200 71 819 |10

916 1] 2|11

1815 14| 3 |12

17116 15| 14 | 13

A 367
B 368
c 369
D 379
E 380
Solution:
Inthe outer 15 x 15ring, the top row contains 211,212, ..., 225, so the numberjust

below 211 inthe secondrowis 210. Thisis the greatest numberin the second row.

Theinner 13 x 13 spiralhas 132 = 169 inits upper-right corner. In the second row of

the full grid, the inner-ring entries run from 157 to 169. Thus the least entry in that row is
157.

The required sumis 210 + 157 = 367.



Thus, the answerisA.

. The point P(a, b) inthe zy-plane is first rotated counterclockwise by 90° around the
point (1,5) and thenreflected about the liney = —x. Theimage of P after these two
transformationsisat (—6, 3). Whatisb — a?

A 1

B | 3

cC 5

D 7

E 9
Solution:

Work backward. Reflecting (—6, 3) acrossy = —z gives (—3, 6).

Now undo the 90° counterclockwise rotation by rotating (—3, 6) clockwise about
(1,5).Relativeto (1,5), the pointis (—4, 1). A clockwise quarter-turn sends this to
(1,4),and translating back gives (2, 9).

Thusa = 2,b=9,andb—a = 7.

Thus, the answerisD.



10. Aninverted cone with base radius 12cm and height 18cm is full of water. The wateris
pouredinto a tall cylinder whose horizontal base has aradius of 24cm. What is the
height in centimeters of the waterin the cylinder?

A 1.5

B 3

c 4

D | 4.5

E 6
Solution:

The volumes must be the same since the wateris poured from one to another. The

. 2 2-
volume of the coneis k ;”T — 12 318” = 864r.

The volume of the cylinderis r2hm = 242hm = 576hx. This makes 576hm = 864,
soh = 1.5.

Thus, the answerisA.



11. Grandma hasjust finished baking a large rectangular pan of brownies. She is planning
to make rectangular pieces of equal size and shape, with straight cuts parallel to the
sides of the pan. Each cut must be made entirely across the pan. Grandma wants to
make the same number of interior pieces as pieces along the perimeter of the pan.
What is the greatest possible number of brownies she can produce?

A 24
B 30
c 48
D 60
E 64
Solution:

Suppose the cuts make anl x w grid of pieces. The number of interior pieces is (I —
2)(w — 2), and the total number of pieces is [w. Since the number of interior pieces
equals the number of perimeter pieces, the interior pieces make up half the total:

(z—z)(w—z):%".

Multiplying out giveslw — 4l — 4w + 8 = 0, or
(I —4)(w—4)=8.

The positive factor pairs of 8 give (I, w) = (5,12) or (6, 8), up to order. These
produce 60 or 48 pieces, respectively, so the greatest possible numberis 60.

Thus, the answerisD.



12. Let N =34 -34 - 63 - 270. What s the ratio of the sum of the odd divisors of [NV to the
sum of the even divisors of N7

A 1:16
B 1:15
c 1:14
D 1:8
E 1:3
Solution:

Using prime factorization, we get
N=2.3".5.7.17%

If we have an odd divisor x of N, then 2z, 4z, 8x are divisors of N, whichhas a
combined sum of 14x. If we take the sum of every odd divisor, then the even divisors
must have a sumwhichis 14 times the sum of the odd divisors. Therefore, the
requestedratiois1 : 14.

Thus, the answeris C.



13. Letn be a positive integer and d be a digit such that the value of the numeral 32d in
base n equals 263, and the value of the numeral 324 in base n equals the value of the
numeral 11d1 in base six. Whatisn + d?

A 10
B 11
C 13
D 15
E 16
Solution:

The first statement means
3n® + 2n + d = 263.
Similarly, the second statement means
3n® + 2n +4
=6+ 6> +6d+1
= 253 + 6d.
Subtracting these shows us that
4—d=6d-—10
7d=14
d=2.

Therefore, 3n? + 2n + 2 = 263,son(3n + 2) = 261.
Thisimpliesn = 9. Therefore,n + d = 11.

Thus, the answerisB.



14. Three equally spaced parallellines intersect a circle, creating three chords of lengths
38, 38, and 34. Whatis the distance between two adjacent parallel lines?

A 52

B 6

c 63

D 7

E 73
Solution:

The two chords of length 38 are equally far from the center of the circle. They cannot
lie onthe two outerlines: then the center would lie on the middle line, whose chord
would be a diameterlonger than 38, not the given 34. Therefore, the equal chords lie
on adjacent lines, with the center halfway between them. Let that half-distance be d.
Then each 38-chordis distance d from the center, and the 34-chordis distance 3d

from the center.

If the circle has radius r, then
r’ =19* + d* = 17% + (3d)*.

Thus 192 — 172 = 8d?,s0 72 = 8d?,and d = 3. The distance between adjacent
parallellinesis 2d = 6.

Thus, the answerisB.



15. Thereal number x satisfies the equation
1
z+ — = /5.
T

What is the value of 2t — Tz” + 237

A —1
B 0
c 1
D 2

Solution:
Sincex + % = /9, squaringyields
1
2’ +2+— =5
x
1
$2 + - =3
x
Squaring againyields
4 1
x
1
ot — 7+ — = 0
x

Multiplying by z” yields

Thus, the answerisB.



16. Call apositive integer an uphillintegerif every digit is strictly greater than the previous
digit. Forexample, 1357, 89, and 5 are all uphillintegers, but 32, 1240, and 466 are not.
How many uphillintegers are divisible by 157

A 4

B 5

cC 6

D 7

E 8
Solution:

If anumberis divisible by 15, it has a units digit of 0 or 5. If the units digitis 0 and the
digits are strictly increasing, then the numberis 0, whichisn’t positive. Therefore, we
canjustlook at numbers with a units digit of 5.

Next, we need to find uphillintegers that are a multiple of 3. This means the other digits
are asubset of {1,2, 3, 4}. Taking the sum of the set must have aremainder of 1 when
divided by 3. Also, having or taking out 3 wouldn’t affect the remainder, so we can take
the number of subsets without a 3 and multiply it by 2. There are only 3 such subsets,
namely {1}, {4},and {1, 2,4}.Thus, there are 6 total subsets.

Thus, the correct answeris C.



17. Ravon, Oscar, Aditi, Tyrone, and Kim play a card game. Each personis given 2 cards out
of asetof 10 cardsnumbered 1,2, 3,...,10.The score of a playeris the sum of the
numbers of their cards. The scores of the players are as follows: Ravon--11, Oscar--4,
Aditi--7, Tyrone--16, Kim--17. Which of the following statements is true?

A | Ravonwasgivencard 3.
B = Aditiwasgivencard 3.
C Ravonwasgivencard4.
D | Aditiwasgivencard4.

E  Tyronewasgivencard?.

Solution:

Oscar’s score of 4 forces his cards to be 1 and 3. From the remaining cards, the only
pairwith sum 7is 2 and 5, so those are Aditi’s cards.

The unused cardsarenow4, 6,7, 8,9, 10. Tyrone’s score of 16 can come only from
6 + 100or7 4+ 9.If Tyrone had 7 and 9, then the remaining cards 4, 6, 8, 10 could not
be paired to give Ravon’s score 11. Thus Tyrone has 6 and 10.

Theremaining cards are 4, 7, 8,9. Ravon musthave 4 and 7 to score 11, leaving 8 and 9
forKim’s score of 17. Therefore, Ravon was given card 4.

Thus, the answeris C.



18. Afair 6-sided die is repeatedly rolled until an odd number appears. Whatis the
probability that every even number appears atleast once before the first occurrence
of anodd number?

1
A _
120
1
B —_
32
1
C —_
20
3
D —_
20
1
E —_
6
Solution:

The probability that the first numberis evenis %.

The probability that the second distinct numberis evenis %
The probability that the third distinct numberis evenis i.

The combined probability is

Thus, the answerisC .



19. Suppose that S'is a finite set of positive integers.

If the greatestintegerin S'isremoved from S, then the average value (arithmetic
mean) of the integers remainingis 32. If the least integerin S'is also removed, then the
average value of the integers remainingis 35. If the greatest integeris thenreturned to
the set, the average value of the integersrises to 40. The greatest integerin the original
set S'is 72 greaterthanthe leastintegerin §.

What is the average value of all the integersinthe set §7

A 36.2
B 364
c  36.6
D 36.8
E 37
Solution:

Let the sum of all the integers be s, the greatest number be g, the least numberbe,
andthe size of S ben.

The two averages of setswithn — 1 elements give

s —1=40(n—1),
s—g=232(n—1).

Subtractingandusingg — I = 72 gives 72 = 8(n — 1),son = 10.

Removing both extremes leaves 8 numbers withsum 8 - 35 = 280. On the other hand,
removing only the least numberleaves asumof 9 - 40 = 360,sog = 360 — 280 =
80.Hencel = 80 — 72 = 8, and the original sumis s = 280 + 80 + 8 = 368.

The required averageis 2 = % = 36.8.

Thus, the answerisD.



20. The figure below is constructed from 11 line segments, each of which has length 2.
The area of pentagon ABC D E canbe written as y/m + y/n,where mandn are
positive integers. Whatism + n?

A
B E
C D
A 20
B 21
C 22
D 23
E 24
Solution:

Let F'be the unlabeled pointjoinedto A, B, and C. Because all the drawn segments
have length 2, triangles ABF and C'BF are equilateral and lie on opposite sides of
BF.Hence ZABC = 120°,so

[ABC|] = % .2.2sin120° = /3.

The same reasoning on the other side gives [ADE] = /3. Also, the Law of Cosines in
AABC gives AC? = 12, and similarly AD? = 12. Thus the altitude of isosceles
triangle AC D toitsbase CD = 2is

\/(\/5)2 —12 = V/11.

Therefore [ACD] = 1 - 2- /11 = v/11. The pentagon’s total area is




V12 + /11,

som+n =124 11 = 23.

Thus, the answerisD.



21. Asquare piece of paperhas side length 1 and vertices A, B, C, and D inthat order. As
showninthe figure, the paperis folded so that vertex C' meets edge AD at point C’,
and edgeB_C intersects edgeﬁat point E. Supposethat C'D = % What is the
perimeterof AAEC'?

A ¢’ D
E |
|
|
|
| |
- .
B C
A 2
2
B 1+>43
3
13
C J—
6
3
D 1+>43
4
7
E —
3
Solution:
Use coordinateswith A = (0,1), B = (0,0),C = (1,0),and D = (1, 1). Since

C'D = 3,wehave C' = (%,1),50 AC' = 2.

The fold reflects C'to C’, so the image of side BC'is the line through C’ and E.
Reflecting B = (0, 0) across the perpendicular bisector of CC’ gives (—
line through this pointand C" meets ABat E = (0, 3).

Thus AF = 5, and

15,5) The

l\.’)lb—‘



The perimeterof AAEC' is

Thus, the answerisA.




22. Ang, Ben, and Jasmin each have 5 blocks, colored red, blue, yellow, white, and green;
and there are 5 empty boxes. Each of the people randomly and independently of the
other two people places one of theirblocks into each box. The probability that at least
one boxreceives 3 blocks all of the same coloris % , Where m and n arerelatively
prime positive integers. Whatism + n?

A 47
B 94
c 227
D 471
E 542
Solution:

Fix Ang’s placement and label each box by the color Ang putinit. Benand Jasmin each
choose a permutation of the five colors, so there are (5!)2 equally likely pairs of
placements.

Fora specified set of k boxes to receive three blocks of the same color, both Ben and
Jasmin must match Angin those k boxes. This canhappenin ((5 — k)!)? ways. By
inclusion-exclusion, the number of successful placement pairsis

(- (o
+ (g) (2!)% — (i)(l!)2
+ (2) (012

2880 — 360 4- 40 — 5 + 1 = 2556.

This equals

Therefore the probability is



2556 2556 71

(5!)2 14400 400

Thusm +n =71+ 400 = 471.

Thus, the answerisD.



23. Asquare with side length 8 is colored white except for 4 black isosceles right
triangular regions with legs of length 2 in each corner of the square and a black
diamond with side length 2+/2inthe center of the square, as shownin the diagram.

A circular coin with diameter 1 is dropped onto the square and landsin arandom
location where the coinis completely contained within the square. The probability
that the coin will cover part of the black region of the square can be written as

1;—6 (a + b2 + 71') ,Where a and b are positive integers. Whatisa + b?

A 64
B 66
C 68
D 70
E 72
Solution:

The coin hasradius 1, soits centeris uniformly distributed overa 7 x 7 square of area

99
49.

Ashaded corner triangle contributes the set of center positions within distance % of

that triangle, inside the allowed center square. Foreach corner thisis arightisosceles

142
2

<1+\/§>2_ 34+ 92v2

2 4

triangle whose altitude is ,Soitsareais




All four corners contribute 3 + 2\/5.
The center shaded diamond is a square of side 24/2. Expandingit by distance % adds

fourrectangles of total area 4+/2 and four quarter-circles of total area T, in addition to

47
the diamond’s area 8. Thus the center contributionis

8+4\/§—|—%.

The favorable areais
3+2V2+8+4v2+ %
=114+6v2+ %.

The probability is

11+6v2+ 7%

49
44424247
B 196 '

Soa+ b =44+ 24 = 68.

Thus, the answeris C.



24. Arjun and Beth play a game in which they take turns removing one brick or two
adjacent bricks from one “wall” among a set of several walls of bricks, with gaps
possibly creating new walls. The walls are one brick tall. For example, a set of walls of
sizes4 and 2 can be changed into any of the following by one move: (3, 2), (2, 1, 2),
(4),(4,1),(2,2),0r(1,1,2).

Arjun plays first, and the player who removes the last brick wins. For which starting
configurationis there a strategy that guarantees a win for Beth?

A (6,1,1)
B (6,2,1)
c  (6,2,2)
D (6,3,1)
E  (6,3,2)
Solution:

For a single wall of length i, compute its Sprague-Grundy value from the possible
moves. Forthe walllengths needed here, the values are

9(1)=1, g¢(2)=2,
9(3) =3, 9(4) =1,
9(5) =4, g(6)=3.

For several walls, the positionis losing for the player to move exactly when the xor of
the wall valuesis 0. Evaluating the choices gives



(6,1,1): 30101 =3,
(6,2,1):302®1 =0,
(6,2,2):30202 =3,
(6,3,1):303®1=1,
(6,3,2):303®2=2.

Only (6, 2, 1) islosing for the player to move, so Beth has a guaranteed win exactly for
that starting configuration.

Thus, the answerisB.



25. Let S be the set of lattice points in the coordinate plane, both of whose coordinates
areintegers between 1 and 30, inclusive. Exactly 300 pointsin S lie on orbelow aline
with equationy = max. The possible values of m lie in aninterval of length ‘—g ,Wherea
and b are relatively prime positive integers. Whatis a + b?

A 31
B 47
c 62
D 72
E 85
Solution:

For a fixed slope m, the number of pointsin S onorbelowy = mxis

30

> lmal,

=1

for the slopes near the answer.

Atm:%,grouping:c:3k—|—1,3k—|—2,3k—|—3fork:0,1,...,99ives
2
L?xj — 2k, 2k + 1, 2k + 2,

whose sum over each blockis 6k + 3. Thus the totalis

9
) (6k + 3) =270 + 30 = 300.
k=0

2

3 arenolonger counted, so the countisless

Ifm < %,the ten points with ratios £ =
than 300. Therefore the lowerendis %

The next possible ratio £ greaterthan 2, with1 < z, y < 30, is minimized by checking
x 3
x modulo 3. The best candidates are



19 20 21 7

28° 29 30 10
and the smallestis %. Hence theinterval lengthis
v 2 1
28 3 84
Thusa + b =1+ 84 = 85.

Thus, the answerisE.
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