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1. Mary thought of a positive two-digit number. She multiplied it by 3 and added 11. Then
she switched the digits of the result, obtaining a numberbetween 71 and 75, inclusive.
What was Mary’s number?

A 11
B 12
c 13
D 14
E 15
Solution:

Work backward from the possible results. Reversing 71, 72, 73, 74, 75 gives
17,27,37,47,57, respectively. Subtracting 11 gives 6, 16, 26, 36, 46. Only 6 and 36
are divisible by 3, and only 36 <+ 3 = 12is atwo-digit number.

Thus, the correct answerisB.



2. Sofiaranblapsaround the 400-meter track at her school. For each lap, she ran the first
100 meters at an average speed of 4 meters per second and the remaining 300 meters
atan average speed of 5 meters per second. How much time did Sofia take running
the 5 laps?

A | b5 minutesand 35 seconds
B | 6minutesand40seconds
C 7minutesandbseconds

D = 7minutesand 25 seconds
E 8 minutes and 10 seconds

Solution:

Sheranatotalof 5 - 100 = 500 meters at 4 meters persecondand b - 300 = 1500
meters at 5 meters per second.

Therefore, hertimeis

520 n 1500 495

seconds.
Thisis equal to a total of 7 minutes and 5 seconds.

Thus, the correct answeris C.



3. Realnumbers x, y, and z satisfy theinequalities0 < z < 1,—1 < y < 0,and 1 <
z < 2.

Which of the following numbers is necessarily positive?

2

A y+x
B Yy+zxz
cC y+y
D y+2y°
E y+z
Solution:

Since —1 < yand1 < z,we canaddtheinequalitiestoseethat0 < y + z.This
naturally proves choice E correct.

Furthermore, we can eliminate every other choice with the following values:

z = 0.1,
y = —0.25,
z = 1.25.

Thus, the correct answerisE.



4. Suppose that x andy are nonzero real numbers such that

3x+y 9
z — 3y '
What is the value of
T + 3y?
3z —y
A -3
B —1
C 1
D 2
E 3
Solution:
Giventhat
3z +y _ o
r—3y

we can multiply by the denominatorto get
3z +y = 6y — 2.

Solving, we canseethatr = y.
Therefore,

r+3y x+3

= = 2.
3r—y 3dr—=z

Thus, the correct answerisD.



5. Camillahadtwice as many blueberry jelly beans as cherry jelly beans. After eating 10
pieces of each kind, she now has three times as many blueberry jelly beans as cherry
jelly beans. How many blueberry jelly beans did she originally have?

A 10
B 20
c 30
D 40
E 50
Solution:

Let the number of cherry jelly beans be c and let the number of blueberry jelly beans be

b.

Then, we know
b=2c
b—10:3(c—10)

from the first and second statements respectively.

Therefore,
2¢ — 10 =3c— 30
c = 20.
This means that
b=2-20 = 40.

Thus, the correct answerisD.



6. Whatisthelargest number of solid 2-in X 2-in X 1-inblocks that canfitina 3-in X 2-in

X 3-inbox?
A3
B 4
cC | 5
D 6
E 7
Solution:

The volume of the large solid objectis 3 - 3 - 2 = 18 and volume of the smaller object
is2 -2 -1 = 4.Thismeans we can fit at most 4 of the small objects.

We can make this happen by putting 3 of the small objectsina3d x 2 X 2rectangular
prism,andthenwe havead X 2 x 1spaceleft where we can place one small object.

Thus, the correct answerisB.



7. Samiaset off onherbicycle to visit her friend, traveling at an average speed of 17
kilometers per hour. When she had gone half the distance to her friend’s house, a tire
went flat, and she walked the rest of the way at 5 kilometers per hour.

In all, it took her 44 minutes to reach her friend’s house. In kilometers rounded to the
nearest tenth, how far did Samia walk?

A 2.0
B 2.2
c 28
D 34
E 44
Solution:

Let d be the distance Samia walked. She bicycled the same distance, so her total
travel time gives

d+d_44
17 5 60

17
Solvingyieldsd = e 2.833...,whichroundsto 2.8 kilometers.

Thus, the correct answeris C.



8. Points A(11,9) and B(2, —3) are vertices of AABC with AB = AC.The altitude
from A meets the opposite side at D(—1, 3). What are the coordinates of point C'?

A (=8,9)
B (—4,8)
c (4,9
D (~2,3)
e (-1,0)

Solution:

Since AB = AC, the altitude from A also bisects the base BC'. Therefore, D is the
midpointof BC.If C' = (z,y), thenwe have

:1:+2_

As such,

Thus, the correct answerisC.



9. Aradioprogram has a quiz consisting of 3 multiple-choice questions, eachwith 3
choices. A contestant wins if he or she gets 2 or more of the questions right. The
contestant answers randomly to each question. What is the probability of winning?

A 1
27
1
B —_
9
2
C _
9
7
D —_
27
1
E —_
2
Solution:

The probability that a contestant gets all 3 correctis

1\° 1
3) 27

The probability of getting exactly 2 correctis

B)6) ()

The combined probability is

Thus, the correct answerisD.



10. The lines with equations ax — 2y = cand 2x + by = —care perpendicularand
intersectat (1, —5). Whatis c?

A —13

B —8

c | 2

D 8

E 13
Solution:

. , a c 2 C

The first equation can berewrittenasy = 53: — 3 andthesecondasy = —E:c 3

Because the lines are perpendicular, their slopes multiply to —1,soa = b.

Substituting (z, y) = (1, —5) into the two original equations gives a + 10 = cand
2 — ba = —c. Adding these equationsyields12 — 4a = 0,soa = 3andc = 13.

Thus, the correct answerisE.



11. At Typico High School, 60% of the students like dancing, and the rest dislike it. Of
those who like dancing, 80% say that they like it, and the rest say that they dislike it. Of
those who dislike dancing, 90% say that they dislike it, and the rest say that they like it.
What fraction of students who say they dislike dancing actually like it?

A 10%
B 12%
c  20%
D 25%
E 33:%
Solution:

Observe that of the 60% of people that actually like dancing, only 80% say they like
dancing. This suggests that 48% of the students say that they like dancing, and as
such, 60% — 48% = 12% of the students who like dancing say they don’t like it.

Then, we know that 90% of the 40% of people who don’t like dancing say they don’t
like it, which is 36% of the total student population.

This means the total amount of people who say they don't like dancingis 12% +
36% = 48%.

We know then that the fraction of people who say they dislike dancing but actually like
itis equalto:

12 1
2 _ - — 25%.
48 4 %

Thus, the correct answerisD.



12. Elmer’s new car gets 50% better fuel efficiency, measured in kilometers per liter, than
his old car. However, his new car uses diesel fuel, which is 20% more expensive per liter
than the gasoline his old car uses. By what percent will EImer save money if he uses his
new carinstead of his old carforalong trip?

A 20%
B 262%
c  27I%
D 331%
E 413%
Solution:

Let the old car’s fuel efficiency be M kilometers perliter and let gasoline cost C'

C
dollars perliter. The old car therefore costs Ve dollars per kilometerto fuel.

The new car gets 1.5 M kilometers per liter and its fuel costs 1.2C dollars per liter, so
its fuel cost perkilometeris

1.2C C
1.5M O‘SM‘

The new fuel cost is 80% of the old one, so EImer saves 20%.

Thus, the correct answerisA.



13. There are 20 students participating in an after-school program offering classesin
yoga, bridge, and painting. Each student must take at least one of these three classes,
but may take two orall three.

There are 10 students taking yoga, 13 taking bridge, and 9 taking painting. There are 9
students taking at least two classes. How many students are taking all three classes?

A1

B 2

c 3

D 4

E 5
Solution:

The number of classes takentotalis10 + 13 + 9 = 32.

Let x represent the number of people who take 1, let y represent the number of
people who take 2 classes, andlet z represent the number of people who take 3
classes.

Then,weknowz + 2y + 3z = 32.

As such, the total number of peopleis 20,sox + y + 2z = 20. Thismakesy + 2z =
12.

The number of people who take atleast two classesis9,soy + z = 9.
Therefore, z = 3, making that the answer.

Thus, the correct answeris C.



14. Aninteger N isselected atrandomintherangel < N < 2020.Whatisthe
probability that the remainder when N'® is divided by 5is 1?

A 1
5
2
B —_
5
3
C —_
5
4
D —_
5
E 1
Solution:

By Fermat’s Little Theorem, N* = 1 (mod 5) whenever N is not divisible by 5.
Therefore,

N'%=(NY*=1 (mod 5).
There are % = 404 multiples of 5, so there are 2020 — 404 = 1616 allowable values
of N.

Amultiple of 5has N6 = 0 (mod 5), so no other values work. Thus the probability is

1616 4

2020 5

Thus, the correct answerisD.



15. Rectangle ABC D has AB = 3and BC = 4. Point Eis the foot of the perpendicular
from B to diagonal AC. What s the areaof AAED?

A 1
42
B —_
25
o 28
15

D 2
c 54
25
Solution:

-4
Theareaof ACDAs 37 = 6. Since E lieson AC, triangles EAD and C' D A share

AE
the same altitude from D, so [EAD| = [CDA] - ic
AE AB
By the Pythagorean Theorem, AC' = 5.Also AABE ~ NACB,so — = — =
AB AC
3 iving AE = ) ThusA—E _ Y
S T To AT
9 54 ,
Therefore [EAD] = 6 - — = —.Thus, Eis the correct answer.

25 25



16. How many of the base-ten numerals for the positive integers less than orequal to
2017 containthe digit 07

A 469
B 471
c 475
D 478
E 481
Solution:

Fornumbersless than 100, we only have a 0 if itis a multiple of 10, of which there are 9.

Fornumbers between 100 and 999 inclusive, we will use complementary counting.
There are 900 total numbersin thisrange. Also, thereare 9 - 9 - 9 = 729 numbersin
this range with no 0 since there are 9 ways to choose each digit to not be 0. Thus, the
totalinthisrangeis 171.

Fornumbers between 1000 and 1999 inclusive, we will use complementary counting
again. There are 1000 total numbersinthisrange. Also, thereare1 -9-9 -9 = 729
numbers in this range with no 0 since there are 9 ways to choose each of the last 3
digitsto not be 0 and the first digit must be 1. Thus, the total in thisrange is 271.

There are 18 numbers between 2000 and 2017 inclusive, each with a0 in the second
digit fromthe left.

This makes the total
9+ 171+ 271 + 18 = 469.

Thus, the correct answerisA.



17. Callapositive integer monotonous if itis a one-digit number orits digits, whenread
from left toright, form either a strictly increasing or a strictly decreasing sequence. For

example, 3,23578, and 987620 are monotonous, but 88, 7434, and 23557 are not.
How many monotonous positive integers are there?

A 1024
B 1524
c | 1533
D 1536
E 2048
Solution:

The strictly increasing positive integers correspond to the nonempty subsets of
{1,2,3,4,5,6,7,8,9}, writteninincreasing order. There are 27 — 1 = 511 of these.

The strictly decreasing positive integers correspond to subsets of
{0,1,2,3,4,5,6,7,8,9}, writtenin decreasing order, except for the empty set and
{0}.Thereare 21 — 2 = 1022 of these.

The one-digit numbers 1 through 9 were countedin both groups, so the totalis 511 +
1022 — 9 = 1524.Thus, Bis the correct answer.



18. Inthe figure below, 3 of the 6 disks are to be painted blue, 2 are to be paintedred, and
lis to be painted green. Two paintings that can be obtained from one anotherby a
rotation or areflection of the entire figure are considered the same. How many
different paintings are possible?

A 6

B 8

c 9

D 12

E 15
Solution:

By symmetry, the green disk has two possible types of position: a corner or a side
midpoint. Fix one representative of either type. There are (g) = 10 ways tochoose
the two red disks.

The reflection that fixes the green position fixes one of the other disks and exchanges
the other four disks in two pairs. Exactly 2 red-disk choices are unchanged by this
reflection: choosing either exchanged pair. The other 8 choices form 4 mirror-image
pairs. Hence there are 2 + 4 = 6 paintings for each type of green position.

The two types therefore give 6 + 6 = 12 paintings.

Thus, the correct answerisD.



19. Let ABC be an equilateral triangle. Extend sideﬁbeyond B toapoint B’ so that
BB' = 3 - AB. Similarly, extend side BC beyond C'toapoint (' sothat CC' = 3 -
BC, and extend side C A beyond A to apoint A’ sothat AA' = 3 - CA.

What is the ratio of the area of A A’ B'C’ to the area of AABC'?

A 9:1
B 16:1
cC | 25:1
D 36:1
E 37:1
Solution:

Let X be the areaof AABC.Eachof ABB'C, ACC'A,and ANAA'Bhasabase
three times aslong as a side of A AB(C' and the same corresponding altitude. Each
therefore hasarea 3.X.

Next, AAA'C’' has three times the base and the same altitude as AACC’, whose
areais 3X.Thus AAA'C' hasarea9.X. Similarly, ACC'B’ and ABB’ A’ eachhave
area9.x.

These sevenregions partition the large triangle, so

[A'B'C'] = X 4 3(3X) + 3(9X)
= 37X.

Therequestedratiois 37 : 1.

Thus, the correct answerisE.



20. The number 21! = 51,090,942,171,709,440,000 has over 60,000 positive integer
divisors. One of themis chosen atrandom. What is the probability that it is odd?

1
A —_
21
1
B I
19
1
C —_
18
1
D —
2
11
E I
21
Solution:

The exponentof 2in21!is

91 91
1|16
—10+5+2+1=18.

Thus 21! = 2'8d for some odd integerd.

For every divisor z of d, the divisors of 21! with odd part z are z, 2z, . . ., 2'82. Exactly

1
one of these 19 divisorsis odd, so the probability is T

Thus, the correct answeris B .



21. InAABC,AB = 6, AC = 8, BC = 10, and D is the midpoint of BC. What is the
sum of the radii of the circlesinscribedin AADB and AADC?

A 5

11
B —_
4
c  2v2
17
D _
6
E 3
Solution:
B
D
A C

The triangle ABC'is aright triangle with aright angle at A. This makes D the
circumcenter of the triangle since it is the midpoint of the hypotenuse.

Therefore,
AD = BD = DC =5.
Also, the areaof ABCis

6-8
— = 24.
2
The bases BD and DC are equal, and the two triangles share the same altitude from

A.Therefore, AABD and AAC D eachhave area12.



Then, for each triangle, we have A = rswhere Aisthe area, ris the inradius, and s is

. , 1 , , 24
the semiperimeter. Equivalently, 12 = irP,wherePBthe perimeter,sor = —.For
24 3 24 4
ANABD.,theinradiusis ———— = —.ForAACD.,itis ——— = —.
,theinra |u3|s5+5+6 5 or ,||s5+5+8 3
Thei 3 n 4 17
eirsumis— + — = —.
2 3 6

Thus, the correct answerisD.



22. The diameter A B of a circle of radius 2is extended to a point D outside the circle so
that BD = 3. Point Fischosensothat ED = 5andline E D is perpendiculartoline
AD.Segment AE intersects the circle at a point C between A and E. What is the
areaof ANABC?

120
A R
37
140
B P
39
c 145
39
5 140
37
120
E [
31
Solution:
Since theradiusis2and BD = 3,wehave AD = 7.Since ED = 5andthe angle at
5-7 35
Disarightangle, theareaof ADFE'is - — 5

By the Pythagorean Theorem, AE = /52 + 72 = 1/74. Also, ZACB s arightangle
because AB is adiameter. The triangles share the angleat A,so AABC ~ ANAED
by angle-angle similarity.

Their corresponding hypotenusesare AB = 4and AE = /74, sotheirarearatiois

[ABC]:< 4 )2 8

[AED]  \ 74 37
Therefore,

8 35 140

[ABC]_ﬁ'T_ﬁ'

Thus, the correct answerisD.



23. Let

N = 123456789101112...4344

be the 79-digit number thatis formed by writing the integers from 1 to 44 in order, one
after the other. What is the remainder when N is divided by 457

A 1

B 4

c 9

D 18

E 44
Solution:

To find the remainder when divided by 45, we must find the remainder when divided by
5and9. The remainder when divided by 5 is the remainder when the units digit is
divided by 5, making it 4.

To find the remainder when divided by 9, we usually find the sum of the digits.
However, each double digit number has the same remainder when divided by 9 as its

digit sum, so we canjust sum the integers from 1 to 44, because eachintegeris
4 .45

congruent toits own digit sum. This sumiis = 990, whichis a multiple of 9.
Thus, N is amultiple of 9.

Sinceitis amultiple of 9 and has aremainder of 4 when divided by 5, the remainder
when divided by 45is 9.

Thus, the correct answeris C.



24. The vertices of an equilateral triangle lie on the hyperbola zy = 1, and a vertex of this
hyperbolais the centroid of the triangle. What is the square of the area of the triangle?

A 48
B 60
c 108
D 120
E 169
Solution:

By symmetry, assume that the centroid is the hyperbolavertex G = (1, 1). At least
two triangle vertices lie on the same branch of the hyperbola. They cannot both lie on
the negative branch: if two of their z-coordinates were negative, the third would
exceed 3, while the sum of the three y-coordinates would be less than %,
contradicting that their centroidis (1, 1). Thus two vertices lie on the positive branch.

Write these verticesas P = (a, ) and Q = (b, ), wherea, b > 0. The centroid of an
equilateral triangle is also its circumcenter, so P and () are equidistant from G. For
t > 0, the squared distance from (¢, 1) to G'is

()49

Thisis strictly increasingast + % increases from 2, so the distinct points must satisfy
b= % Hence P and Q) are reflections acrossy = .

The third vertex lies on the perpendicular bisectory = x. Its coordinates also satisfy
zy = 1,soitiseither (1,1) or (—1, —1). It cannot equal the centroid, soitis
(—1,—1). Therefore, the circumradius is the distance from (1, 1) to (—1, —1), namely

24/2.

Dividing the equilateral triangle into three triangles at its center givesits area as
1
3- 5(2\/5)2 sin 120° = 6v/3.

The square of the areaiis (61/3)2 = 108.



25.

Thus, the correct answerisC.

Last yearlsabellatook 7 math tests and received 7 different scores, each aninteger
between 91 and 100, inclusive. After each test she noticed that the average of her test
scoreswas aninteger. Her score on the seventh test was 95. What was her score on
the sixth test?

A 92
B 94
c 96
D 98
E 100
Solution:

Let .S be the sum of all seven scores. Since all seven averages were integers, S'is

divisible by 7. Also the seven distinct scores are between 91 and 100,s0 91 + 92 +
e+ 97< 5 <94+ 954 - -+ 4+ 100.

Thus 658 < § < 679, and the possible multiples of 7 are 658, 665, 672, 679. Since
the seventh scoreis 95, the first sixscores sumto S — 95, which must be divisible by 6.
This forces S = 665.

The first six scores sum to 570. The first five-score average was also aninteger, so the
sum of the first five scoresis divisible by 5. Therefore the sixth score is divisible by 5.
Since the seventh score is already 95 and all scores are distinct, the sixth score is 100.
Thus, Eis the correct answer.
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