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1. Whatisthe value of

2071 + o~
a
whena = 37
A 1
B 2
5)
C —
2
D 10
E 20
Solution:
The expressionis equivalent to
a2
261/_2 + T = 2.5(a_1)2.

ThenaLisequalto T = 2,soourexpressionisequalto 2.5 - 22 = 10.

2
Thus, the correct answerisD.



2

— 3.2 . 204
fnOm = n’m?, whatis 7557
A 1
4
1
B —
2
C 1
D 2
E 4
Solution:

Forany nonzero a, b, we have

Usinga = 2,b = 4,we getthat%

Thus, the correct answerisB.




3. Letx = —2016. Whatis the value of

‘|az\ —:1:‘ — ||| — 27

A —2016

B 0

C 2016

D 4032

E 6048
Solution:

Sincex = —2016 < 0,we have |z| = 2016. Thus
|z| — z = 2016 — (—2016)
— 4032,

so theinnermost absolute value is 4032. Therefore the full expressionis
14032 — 2016| + 2016 = 4032.

Thus, the correct answerisD.



4. Zoeyread1l5books, one atatime. The first book took her 1 day to read, the second
book took her 2 days to read, the third book took her 3 days to read, and so on, with
eachbook taking her 1 more day to read than the previous book. Zoey finished the first

book on aMonday, and the second on a Wednesday. Onwhat day of the week did she
finish her 15th book?

A Sunday
B Monday

C Wednesday

D Friday
E Saturday
Solution:

6
The number of days it takes toread 15 books is = 120. Therefore, itis 120 —

1 = 119 days after the first bookis read. This is a multiple of 7, so the 15th book was
finished onthe same day as the 1st book. Therefore, it was finished on a Monday.

Thus, the correct answerisB.



5. The meanage of Amanda’s 4 cousinsis 8, and theirmedian age is 5. What is the sum of
the ages of Amanda’s youngest and oldest cousins?

A 13
B 16
C 19
D 22
E 25
Solution:

The total of the four cousinagesis 4 - 8 = 32. Since the medianis 5, the two middle
ages have average 5, so theirsumis 10.

Therefore the youngest and oldest agessumto 32 — 10 = 22.

Thus, the correct answeris D.



6. Lauraaddedtwo three-digit positive integers. All six digitsin these numbers are
different. Laura’s sumis a three-digit number S. What is the smallest possible value for
the sum of the digits of S7

A 1
B 4
C )
D 15
E 21
Solution:

To minimize the sum of the addends, use the two smallest nonzero hundreds digits, 1
and 2, and then the four smallest remaining digits, 0, 3, 4, 5. Placing the smaller digits
inthe tens places shows that every possible sumis atleast 104 + 235 = 339. Onthe
otherhand, any three-digit number with digit sum less than 4 is at most 300. Therefore
the digit sum of S'is atleast 4.

The example 157 4+ 243 = 400 uses six distinct digits and has digit sum 4. Thus the
smallest possible digit sumis 4.

Thus, the correct answeris B.



7. Theratio of the measures of two acute anglesis b : 4, and the complement of one of
these two anglesis twice as large as the complement of the other. What is the sum of
the degree measures of the two angles?

A 75
B 90
C 135
D 150
E 270
Solution:

Iz

Letthe smallerangle be x. Then, the largerangleis %:c. Note that theirsumis 3

Theircomplements are then 90 — x and 90 — ia:. Since 90 — zislargerthan 90 —

%w,weknow
5)
90—x=2<90—1x)

90 — z = 180 — ga:
x = 60.
Therefore, the sumis
9 60 =135
1 = .

Thus, the correct answeris C.



8. Whatis the tens digit of 20152916 — 20177

A 0
B 1
C 3
D 5
E 8
Solution:

To find the tens digit, we first need to find the number modulo 100. First, we can find
2015%°1% mod 100. We can do this with the Chinese Remainder Theorem by first
gettingthe number mod 4andthen mod 25.

The number

20152 =0  mod 25

sinceitis a multiple of 25.

Then, observe that
20152016 = (_1)2016
=1 mod 4.

By the Chinese remainder theorem, we can get that our numberis congruent to 25
mod 100.

Therefore,
2015°° — 2017
=25 —17 mod 100
=8 mod 100.

This means the tens digit is 0.

Thus, the correct answerisA.



9. Allthree vertices of A ABC lie on the parabola defined by y = x2, with A at the origin
and BC parallel to the z-axis. The area of the triangle is 64. What is the length of BC'?

A 4
B 6
C 8
D 10
E 16
Solution:

Let the points be

A = (0,0),
B = (z1,41),
C = (22, ¥2)-
Then, since BC'is parallel with the x-axis, we know y; = y,, whichwe willlet be y.
Then, 22 = y = z3,soz? = z2. Thisimplies that eitherz; = —zyorxz; = xs.The

second option cannot happen since that would set two points as the same, which
would create anareaof 0. Assuch,letx = —x1 = 3. Theny = z? also.

Then, the points are

A= (070)’
B = (—x,ZEZ),
C = (z,z?).

With abase of BC, the lengthis 22 and the height s 2. This would make the area
x3 = 64.Therefore,z = 4,50 BC =2 -4 = 8.

Thus, the correct answeris C.



10. Athin piece of wood of uniform density in the shape of an equilateral triangle with side
length 3inches weighs 12 ounces. A second piece of the same type of wood, with the
same thickness, also in the shape of an equilateral triangle, has side length 5 inches.
Which of the following is closest to the weight, in ounces, of the second piece?

A 14.0
B 16.0
C 20.0
D 33.3
E 55.6
Solution:

. 2 . .
The surface areaisincreased by afactor of g since the side lengths are increased by a
factor of g . Also since the thickness is constant, the volume is scaled up by that much.

Then, the wood having the same density makes the weightincrease by a factor of g
aswell, sothe new weightis

Thisis approximately 33.3.

Thus, the correct answerisD.



11. Carldecidedto fenceinhisrectangular garden. He bought 20 fence posts, placed
one on each of the four corners, and spaced out the rest evenly along the edges of the
garden, leaving exactly 4 yards between neighboring posts. The longer side of his
garden, including the corners, has twice as many posts as the shorter side, including
the corners. Whatis the area, in square yards, of Carl’s garden?

A 256
B 336
C 384
D 448
E 512
Solution:

Let ! be the number of posts on along side, including corners, and let s be the number
of posts onashort side, including corners. The total number of postsis

21 + 25 — 4 = 20,

where the —4 avoids double-counting the corners.

Since along side has twice as many posts as a short side, I = 2s.Thus 2(2s) + 2s —
4 = 20,s0s = 4andl = 8.

There are 3 equal gaps on a short side and 7 equal gaps on along side. With 4 yards
between neighboring posts, the side lengths are 12 and 28, so the areais 12 - 28 =
336.

Thus, the correct answeris B.



12. Two different numbers are selected atrandom from {1, 2, 3, 4, 5} and multiplied
together. What is the probability that the productis even?

A 0.2
B 0.4
C 0.5
D 0.7
E 0.8
Solution:

The productis oddif and only if both numbers are odd. There are (3) = 3waystodo

this out of apossible (g) = 10 ways. This makes the probability of it being odd equal

to 1—30 = 0.3. This means the probability itisevenis1 — 0.3 = 0.7.

Thus, the correct answerisD.



13. At Megapolis Hospital one year, multiple-birth statistics were as follows: Sets of twins,
triplets, and quadruplets accounted for 1000 of the babies born. There were four
times as many sets of triplets as sets of quadruplets, and there were three times as
many sets of twins as sets of triplets. How many of these 1000 babies were in sets of
quadruplets?

A 25
B 40
C 64
D 100
E 160
Solution:

Letw, r, gbe the numbers of sets of twins, triplets, and quadruplets. Then
2w + 3r + 49 = 1000.

The statement givesr = 4gandw = 3r = 12q.

Substituting gives 2(12q) + 3(4q) + 49 = 40g = 1000, so ¢ = 25. The number of
babiesin sets of quadrupletsis4qg = 100.

Thus, the correct answeris D.



14. How many squares whose sides are parallel to the axes and whose vertices have
coordinates that are integers lie entirely within the region bounded by the liney = 7z,
theliney = —0.1andthelinex = 5.17

A 30
B 41
C 45
D 50
E 57
Solution:
A square mustlieabovey = —0.1,totheleftof x = 5.1, andbelowy = wz. Since

is alittle more than 3, the lattice heights availableatx = 1,2, 3,4 are 3,6,9, 12, and
side lengths larger than 3 cannot fit.

Count by side length using the top-left lattice point. For side length 1, there are 3 +
6 + 9+ 12 = 30choices. Forsidelength 2, thereare 2 + 5 + 8 = 15 choices. For
sidelength 3,thereare 1 + 4 = 5 choices.

The totalis 30 + 15 4+ 5 = 50.

Thus, the correct answeris D.



15. Allthe numbers1,2,3,4,5,6,7,8,9are writtenina3 X 3 array of squares, one
numberin each square, in such a way thatif two numbers are consecutive then they
occupy squares that share an edge. The numbers in the four corners add up to 18.
Whatis the numberinthe center?

A 5
B 6
C 7
D 8
E 9
Solution:

Colorthe array like a checkerboard, with the center and four corners one colorand the
four edge squares the other color. Consecutive numbers occupy adjacent squares, so
thepathl, 2,...,9alternates colors. Therefore all five odd numbers occupy one
colorclass and all four even numbers occupy the other.

The colorclass consisting of the center and four corners has five squares, so it
contains the five odd numbers. Hence the sum of the corners and centeris

1+3+5+7+9=25.

Since the corners have a sum of 18, the centerhasavalueof 25 — 18 = 7.

Thus, the correct answeris C.



16. The sum of aninfinite geometric series is a positive number S, and the second termin
the seriesis 1. What is the smallest possible value of S?

14+ /5
2

D 3
E 4
Solution:

Let the first value of the series be a, and let theratio be r. Thus,

a

1—7r
ar

o
o
r(l—r)

S =

This means we have to find r that maximizes
r(1 —7)=0.25 — (r — 0.5)%

This maximization will happenwithr = 0.5.
1

Therefore, S = W =4.

Thus, the correct answerisE.



17. Allthe numbers 2,3,4,5,6,7 are assigned to the six faces of a cube, one numberto
eachface. Foreach of the eight vertices of the cube, a product of three numbers s
computed, where the three numbers are the numbers assigned to the three faces that
include that vertex. What is the greatest possible value of the sum of these eight

products?
A 312
B 343
C 625
D 729
E 1680
Solution:

Pair opposite faces as (a1, as), (b1, b2), and (c1, c3). Each vertex product uses one
number from each pair, so the sum of all eight vertex productsiis

(a1 + a2) (b1 + b2)(c1 + c2).

The sixfacelabelssumto2 +3 +4+ 5+ 6 + 7 = 27, so the three opposite-pair
sums have total 27. Their product is maximized when the sums are as equal as possible,
namely 9,9, 9, giving at most 93 = 729.

This maximum is attainable by pairing 2 with 7, 3 with 6, and 4 with 5. Hence the
greatest possible sumis 729.

Thus, the correct answeris D.



18. Inhow many ways can 345 be written as the sum of anincreasing sequence of two or
more consecutive positive integers?

A 1
B 3
C 5
D 6
E 7
Solution:

Suppose the sequence haslength s and first term x. Then

—1
345:s(a:+82 )

s(2x + s — 1) = 690.

or

69 _

Thus s must be adivisor of 690, withz = —= 2s+1

a positive integer. Checking the
possible divisorlengths gives

s=2,3,5,6,10,15, 23.
These are the only lengths that keep x positive and integral.

Therefore there are 7 representations.

Thus, the correct answerisE.



19. Rectangle ABC' D has AB = 5and BC = 4.Point Elieson ABsothat EB = 1,
point G lies on BC sothat CG = 1, and point F'liesonCD sothat DF = 2.
Segments AG and AC intersect EF at (Q and P, respectively. What is the value of

R,
EF
A E B
G
D a C
A V3
16
g V2
13
9
C -
82
10
D -
91
1
E —_
9
Solution:
A E B
G
\X




Wehave AE = AB — EB =4and FC = DC — DF = 3.Since AE || FC,the
triangles AEP and CFP are similar. Therefore

PF_FC _3
PE AE 4
PF _ 3
SO EF — 7°
Extend AG to meetline C'D at X .Because BG = 3, similarity gives
AD  BG 4 3

DX AB’ DX &
andhence DX = 2 .Thus FX = DX — DF = .Since AE || FX, triangles
AEQ and X F(Q) are similar, so

QF FX 7
QE AE 6
Consequently%—? = %
It follows that
PQ QF PF
EF EF EF
7 3 10
13 7 91

Thus, the correct answerisD.



20. Adilation of the plane—that s, a size transformation with a positive scale factor—
sends the circle of radius 2 centered at A(2, 2) to the circle of radius 3 centered at
A'(5,6). What distance does the origin O(0, 0), move under this transformation?

A 0

B 3

c 13

D 4

E 5)
Solution:

The dilation scale factoris % since the radius changes from 2 to 3. The center of

dilation C'lies on the line through A(2, 2) and A'(5, 6).

The vector from Ato A'is (3, 4). If C'is the dilation center, then the scale factor gives
, 1
A — A= §(A —C).

Thus A — C = 2(3,4),50C = (2,2) — 2(3,4) = (-4, —6).

Underascale factor % dilation about C', a point moves by half its distance from C'.
Since CO = 4/(—4)? + (—6)? = /52, the originmoves £1/52 = 1/13.

Thus, the correct answeris C.




21. What is the area of the region enclosed by the graph of the equation z* + y* = |z| +
[y|?

A T+ 2

B T+ 2

C  T+2V2

D 21 + /2

E 2r+2V2
Solution:

The equationis symmetric in all four quadrants. In the first quadrant it becomes
2+’ =z +y,
or
(=3 +@y—3)"=3
1

Inthe first quadrant, the enclosed regionis the triangle underx + y = 1, with area 3

plus a semicircle of radius % with area %.

Multiplying by 4, the total areaiis

Thus, the correct answeris B.



22. Aset of teams held around-robin tournamentin which every team played every other
team exactly once. Every teamwon 10 games and lost 10 games; there were no ties.
How many sets of three teams { A, B, C'} were there inwhich A beat B, Bbeat C,
and C beat A?

A 385
B 665
C 945
D 1140
E 1330
Solution:

The totalnumber of teamsis 10 + 10 + 1 = 21. The total number of sets s therefore
(%) = 1330

3) = .
Now, we must subtract the total number of sets such that thereis no cycle. This only
happens if one team beats the other two teams. There are 21 choices for the team that
beat the othertwo and (120) = 45 ways to choose the teams they beat. Thus, the total

of non-cyclesis 21 - 45 = 945. This means the total number of cyclesis 1330 —
945 = 385.

Thus, the correct answerisA.



23. Inregularhexagon ABCDEF, points W, X, Y, and Z are chosen onsides BC,
CD, EF,and F Arespectively,solines AB, ZW,Y X ,and E D are parallel and
equally spaced. What is the ratio of the area of hexagon W C XY FZ to the area of
hexagon ABCDEF?

1
A —_
3
10
B —_
27
c 11
27
5 4
9
13
E —_
27
Solution:

)

Y X
A B
Extend FE and C'D until they meet at P.
P
FE D

NN
L




Let d be the distance between ZW and FC'. Because the four givenlines are equally
spaced and FC'lies halfway between ZW andY X, the distance from ED to ZW is
2d. Let the altitude from P to E D be h. The equilateral triangles PE D and PFC have

sidelengthsintheratiol : 2, so their altitudes satisfy
h + 3d = 2h,

giving h = 3d. Therefore the side-lengthratio of PZW to PE D is

ht2d 5
ho 3
Taking [PE D] = 1, similarity gives [PZW] = 2 and [PFC] = 4. Hence
25 11
ZWCF) =4— =2 = =,
[ ] 9 =g

[EDCF] =4—1=3.

The desired hexagon consists of two congruent copies of ZW C'F', while the regular

hexagon consists of two congruent copies of EDCF'. Thus the requestedratiois

T _1u
3 27

Thus, the correct answeris C.



24. How many four-digit positive integers abed, witha # 0, have the property that the
three two-digitintegers ab < bc < cd form anincreasing arithmetic sequence?

One suchnumberis 4692, wherea = 4,b = 6,¢c = 9,andd = 2.

A 9
B 15
C 16
D 17
E 20
Solution:

Fromab < be < ed,we havea < b < c. The arithmetic-sequence conditionis

2(10b + ¢) = (10a + b)
+ (10c + d),

whichrearranges to
10(a —2b+c¢) = —b+2c —d.
Theright side is a multiple of 10. Because b < cand all four symbols are digits with
b > 1,itliesbetween —9and 17. Henceitis either 0 or 10.
Casel:

—b+ 2c—d =10,
a=2b—c+ 1.

We canlook at the possible values of c.

c=6:b+d=2,2b—5 = a.Thus, b < 2fromthe first equation, but can’t work for
the second equation.

c=7:b+d=4,2b— 6 = a.Thus,b < 4fromthe first equation,and b > 3 from
the second equation. This makes one case forb = 4.



c=8:b+d=26,2b— 7 = a.Thus,b < 6 fromthe first equation,and b > 3 from
the second equation. This makes three cases forb = 4, 5, 6.

c=9:b+d=28,2b— 8 = a.Thus, b < 8fromthe first equation,and b > 4 from
the second equation. This makes four cases forb = 5, 6, 7, 8. Altogether this case
gives

2470, 1482, 3581, 5680,
2593, 4692, 6791, 8890,

for 8 solutions.

Case?2:
—b+2c—d=0,
2b—a —c =0,

which means the digits are an arithmetic sequence.
If the differenceis 1,then1l < a < 6 makes 6 solutions.

If the differenceis 2,then1 < a < 3 makes 3 solutions. A difference of atleast 3
wouldforced = a + 3r > 9. This case therefore gives 9 solutions.

In total, the number of solutionsis8 +9 = 17.

Thus, the correct answerisD.



25. Let

10

flz)=> (lkz] — k|z]),

k=2

where | r | denotes the greatest integer less than or equal to . How many distinct
values does f(z) assume forz > 07

A 32

B 36

C 45

D 46

E infinitely many
Solution:

Writex = |x| + t,where0 < t < 1.Then
[kz| — klz] = [Kt],

so f(x) depends only on the fractional part t.

The value of f changes only whent crosses a fraction %,Where2 <k<10andl <
i < k.The number of distinct such fractionsin (0, 1) is

©(2) + ¢(3)

+ -+ ¢(10)
—1+4+2+24+4+2
16+4+6+4

— 31.

Including the initial value before the first breakpoint, f assumes 31 + 1 = 32 distinct
values.

Thus, the correct answeris A.
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